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Abstract

Z 0 Phenomenology:Constraints from low-energy measurements, and detailed study at
TeV-scalelepton and hadron colliders

by

Matthew Harold Austern

Doctor of Philosophy in Physics

University of California at Berkeley

ProfessorJ. David Jackson, Co-chair

Dr. Robert N. Cahn, Co-chair

In this dissertation, I discussthe phenomenologyof new massive neutral gauge
bosons,or Z 0 bosons,concentrating on experimental tests by which the properties of a Z 0

bosoncould be determined.
In Chapter I, I brie
y review the Standard Model of elementary particle physics,

and discuss the motivation for extending it. I review some of the extensions to the
Standard Model that predict the existenceof Z 0 bosons,and present a general, model-
independent parameterization of the Z 0's properties, aswell asa simpler parameterization
that applies to the most important classof models. In Chapter I I, I discusspresent-day
limits on the existenceof Z 0 bosons,both from direct searches,and from indirect higher-
order tests.

In Chapter I I I, I discussthe production and discovery of a Z 0 at a future hadron
collider, such as the CERN Large Hadron Collider (LHC). Discovery of a Z 0 at the LHC
may be possibleif its massis lessthan 5 TeV. I also discussthe experimental tests of its
properties that could be performed at such a collider, emphasizingthe measurement of
leptonic asymmetries.

Finally, in Chapter IV, I discussthe experimental tests that could be performed
at an e+ e� collider with

p
s = M Z 0. I include several higher-order e�ects, such as initial-

state radiation and beamstrahlung,whoseinclusion is necessaryfor a realistic description
of the experimental environment at a very high energye+ e� collider.

The combination of leptonic and hadronic experiments permits the measurement
of all of the parametersdiscussedin Chapter I.
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Chapter 1

In tro duction

1.1 The Standard Mo del

All known experimental results in elementary particle physics are described by,
or at least are consistent with, the so-called \Standard Model," a non-abelian gauge
theory [1] basedon the gaugegroup SU(3)� SU(2)� U(1), or G321. To establishnotation,
I discussthe main featuresof the Standard Model.

Every gaugetheory necessarilypossessesone masslessspin-1 �eld for each gen-
erator of the gaugegroup. For the Standard Model, these twelve gaugebosonsare the
eight gluonsGi , (corresponding to the generatorsof SU(3)), the three W bosons,W1, W2,
and W3 (corresponding to the generatorsof SU(2)), and the B boson (corresponding to
the generator of U(1)). The gluons mediate the strong interaction, while the W and B
bosonsmediate the electromagneticand weak interactions.

In addition to the gaugebosons,which are the minimal particle content of any
gaugetheory, the most general renormalizable gaugetheory [2] may also contain spin-0
and spin-1

2 �elds. The Lagrangian for the most generalgaugetheory basedon G321 may
be written

L = L k + L s + L f + L Y ; (1.1)

where L k contains the gauge bosons' kinetic energy terms, L f contains the fermions'
kinetic energy term, L s contains the scalars' mass term, kinetic energy term, and self-
interactions, and L Y , the Yukawa sector, contains interactions betweenthe fermions and
the scalars. Becausethe scalars'and fermions' kinetic energy terms involve the covariant
derivative D � , given in Eq. (1.6), their kinetic energy terms imply interactions between
the gaugebosonsand the scalarsand fermions. Explicitly , the terms in Eq. (1.1) are

L k = � 1
4B �� B �� � 1

4W ��
i W��;i � 1

4G��
i G��;i ; (1.2)

L s = (D � �) y (D � �) � V (�) ; (1.3)

L f = �	 (i =D ) 	 ; (1.4)

L Y = H (	 ; �	 ; �) ; (1.5)

where V(�) contains all scalar interactions of quartic and lower order that are invariant
under G321, and H (	 ; �) contains all interactions that are linear in 	, �	, and �, and that
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Table 1.1: Particle content, and SU(3), SU(2), and U(1) quantum number assignments, for the
�rst generation of fermions. The Higgs boson, �, is not part of any of the three generations,and
is listed here only for convenience.

Particle SU(3) multiplet SU(2) multiplet Y
QL triplet doublet 1=3
L L singlet doublet � 1
uR triplet singlet 4=3
dR triplet singlet � 2=3
eR singlet singlet � 2
� singlet doublet 1

are invariant under Lorentz transformations and under G321. The quantities B �� , W ��
i ,

and G��
i are the gaugebosons'�eld strength tensors,and D � , the covariant derivative, is

given by

D � = @� + igsI i G
�
i + igTi W

�
i + ig0Y

2
B � : (1.6)

The constants gs, g, and g0 are, respectively, the coupling constants of SU(3),
SU(2), and U(1), and I i , Ti , and Y=2 are a representation of the gaugegroup's generators.
To specify the theory fully, it su�ces to choosesomespeci�c representation, that is, to
choosethe quantum numbers of the fermion and scalar states.

In the Standard Model [3], these states consist of a single complex scalar that
transforms as a singlet under SU(3) and a doublet under SU(2), and three \generations,"
each of which consistsof 15 masslessfermions arranged into singletsand triplets of SU(3)
and singlets and doublets of SU(2). This decomposition into irreducible representations
of SU(2) and SU(3) speci�es I and T completely, but Y is still an arbitrary diagonal
matrix, subject only to the condition that every particle i in an SU(2) or SU(3) multiplet
must have the samevalue of Yi . The Standard Model quantum number assignments are
summarized in Table 1.1. The symbol QL in Table 1.1 refers to the left-handed up and
down quarks, and L L refers to the left-handed electron and electron neutrino. The right-
handed up quark, down quark, and electron are uR , dR , and and eR . The scalar doublet
can be written explicitly as

� =

 
� +

� 0

!

; (1.7)

where both � + and � 0 are complex scalar �elds.
Given these particle assignments, it is possibleto write down the most general

form for the functions V and H that appear in Eqs. (1.3) and (1.5). The scalar and
Yukawa sectorsof the theory are

L s = (D � �) y (D � �) + � 2� y� � 1
2 �

�
� y�

� 2
; and (1.8)

L Y = � he�eR � yL L � hd
�dR � yQL � hu �uR � y

cQL + h.c.; (1.9)
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where � is a constant with dimensionsof mass,and � , he, hd, and hu are dimensionless
constants. The �eld � c is the charge conjugate of �, de�ned as

� c = i� 2� � ; (1.10)

where � 2 is one of the familiar Pauli matrices. As in Table 1.1, Eq. (1.9) contains the
couplings only for a single generation of fermions. The generalization to the full three
generationsof the Standard Model is straightforward.

Eq. (1.1) describes a world where all gaugebosonsand fermions are massless;
this is not the world we live in. The Standard Model exhibits spontaneous symmetry
breaking [4]. That is, although the fundamental Lagrangian is invariant under the gauge
group G321, the ground state of the theory is not. Speci�cally , the scalar potential,
Eq. (1.8), is minimized not for � = 0, but for j� j2 = v2, with v2 � � 2

� . The true vacuum,by
de�nition, is the state of minimum energy, so � must have a nonzerovacuum expectation
value, with jh� ij 2 = v2. The ground state, then, is not invariant under G321. Forming a
perturbativ e expansionabout this ground state yields an e�ectiv e Lagrangian that is not
invariant under G321, but merely under SU(3) � U(1)E M . The factor U(1)E M is not the
U(1) factor of G321; it is generatedby a linear combination of that group's generator and
the diagonal generator of SU(2), and it is the gaugegroup of electromagnetism.

Straightforward but laborious algebra yields the Lagrangian

L = � 1
2

�
@� W +

� � @� W +
�

� �
@� W � � � @� W � � �

�
1
�

�
@� W +

�

� �
@� W �

�

�
(1.11)

+ 1
4g2v2W + � W � � 1

4 (@� Z � � @� Z � )2 �
1
2�

(@� Z � )2 +
1
8

�
e
sc

� 2

v2Z 2

� 1
4 (@� A � � @� A � )2 �

1
2�

(@� A � )2 � 1
4

�
@� Ga

� � @� Ga
�

�
(@� G�;a � @� G�;a )

�
1
2�

�
@� Ga

�

� 2
+ 1

2@� h@� h � 1
2 �v 2h2 + 1

2@� � 0@� � 0 �
1
8

�
e
sc

� 2

� v2� 02

+ @� � + @� � � � 1
4g2� v2� + � � � 1

2g2
h�

W + � W � � 2 � (W + )2(W � )2
i

� e2
h
A2�

W + � W � �
� (A � W + )(A � W � )

i

� c2g2
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where A and Z , the photon and the Z boson,are linear combinations of the W3 and the
B ; � is an arbitrary real dimensionlessparameter that determinesa particular gauge; 1

2 � a

are the Gell-Mann SU(3) matrices and f abc the SU(3) structure constants; � + , � � , and � 0

are unphysical Goldstone bosonsresulting from the symmetry breaking; and � + , � � , � 
 ,
� z, and � a are the unphysical Faddeev-Popov ghosts that arise [5] from the quantization
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of a non-abelian gaugetheory in a covariant gauge.
The parameters e, s, and c that appear in Eq. (1.11) are combinations of pa-

rameters that appear in the unbroken Lagrangian. Speci�cally , s and c are abbreviations,
respectively, for sin � w and cos� w , and

tan � w �
g0

g
; (1.12)

e �
gg0

p
g2 + g02

= gsin � w = g0cos� w : (1.13)

Similarly, the particle massesare de�ned in terms of the parametersof Eqs. (1.8)
and (1.9). The massof a fermion f is given by

mf = hf v: (1.14)

The massesof the W and Z bosons,and of the Higgs boson,are

M 2
W = 1

4g2v2 (1.15)

M 2
Z = 1

4
g2v2

c2 = 1
4

�
e
sc

� 2

v2 (1.16)

m2
H = �v 2: (1.17)

The vacuum expectation value v is directly related to the Fermi constant, the e�ectiv e
strength of low-energy weak interactions, which is de�ned as

GFp
2

=
g2

8M 2
W

: (1.18)

Experimentally, v = 246 GeV.
The photon and the Z , which arise from the requirement that the massmatrix

of physical �elds be diagonal, are de�ned by

A � � sin � wW �
3 + cos� wB � (1.19)

Z � � cos� wW �
3 � sin � wB � : (1.20)

Eq. (1.11) is rather formidable, but, fortunately, much of the complexity can be
made to disappear. The gauge-�xing parameter � is arbitrary; for tree-level calculations
it is convenient to work in the so-calledunitary gauge,where � ! 1 [6]. In this limit, the
unphysical Goldstone bosonsbecomein�nitely massive and decouplefrom any physical
processes.The Faddeev-Popov ghosts do not appear at all until the one-loop level, so,
for tree-level calculations in unitary gauge,it is possibleto ignore all terms in Eq. (1.11)
that involve either ghostsor Goldstone bosons.

An abbreviated versionof the Standard Model Lagrangian, suitable for tree-level
calculations in unitary gauge,is
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L = � 1
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@� W +
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The generalizationto three generations,rather than one, is straightforward. The
only important change is in L Y , which becomes

L Y = � �ERHE � yL L � �DRHD � yQL � �URHU � y
cQL + h.c.; (1.22)

where E, D , U, L , and Q now refer to column vectors rather than to individual �elds,
and HE , HD , and HU are arbitrary complex 3 � 3 matrices of coupling constants. After
symmetry breaking the fermions acquire mass,and, by de�nition, the massmatrices of
physical particles must be diagonal.

The lepton mass matrix can be diagonalized simply by making physically ir-
relevant �eld rede�nitions. Diagonalizing the quark massmatrix, however, leads to o�-
diagonal terms in the couplingsof quarks to the W � boson. That is, the charged-current
interaction of quarks becomes

L cc =
g

p
2

�U =W + 1 � 
 5

2
VD + h.c.; (1.23)
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where V is a unitary 3 � 3 matrix, the Kobayashi-Maskawa [7] mixing matrix. The
Kobayashi-Maskawa matrix is roughly diagonal: Each quark couplesmost strongly to its
partner in the same generation. Some o�-diagonal terms, however, most notably that
connecting the s and u quarks, are substantial. Additionally , there is no a priori reason
to expect that the elements of the Kobayashi-Maskawa matrix should all be real. The
most general Kobayashi-Maskawa matrix, up to physically irrelevant �eld rede�nitions,
can be parameterizedby three real anglesand one complex phasefactor.

At present, using experimental data and the unitarit y constraint, the 90% con-
�dence limits on the magnitudes of the Kobayashi-Maskawa matrix elements are [8]

jVij j =

0

B
@

0:9747 to 0:9759 0:218 to 0:224 0:002 to 0:007
0:218 to 0:224 0:9735 to 0:9751 0:032 to 0:054
0:003 to 0:018 0:030 to 0:054 0:9985 to 0:9995

1

C
A ; (1.24)

where the matrix elements are labelled
0

B
@

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

C
A : (1.25)

The phase has not been measured. A non-zero value would explain the experimental
observation of CP violation in the K mesonsystem.

Many physical quantities, in particular those involving low-energy properties of
hadrons, have not yet beencalculated from �rst principles. The problem is simply that
Eq. (1.11) describesthe interactions of quarks, rather than the interactions of hadrons,and
the necessarycomputational techniques for obtaining quantitativ e low-energypredictions
about hadrons do not yet exist. Preliminary results from such methods as lattice gauge
theory [9] and chiral perturbation theory [10], however, suggestthat the 
a w is indeed in
our calculational abilit y rather than in the theory.

All quantities for which both theoretical and experimental results are available
exhibit agreement betweenthe measuredvaluesand the valuespredicted by the Standard
Model [11], and there is no indication of any experimental result that is inconsistent with
Standard Model expectations.

1.2 Defects of the Standard Mo del

Despite the spectacular successesof the Standard Model, it is theoretically prob-
lematic in many ways, and it is unlikely that the Standard Model is actually a complete
description of nature. Most of the unresolved issuescan be grouped into three broad cat-
egories:Problems associated with the gaugebosonsand with their couplings to fermions,
Eq. (1.6), problems associated with the Yukawa sector, Eq. (1.22), and problems associ-
ated with the scalar sector, Eq. (1.8).

The most serious objection to the gauge sector of the Standard Model is its
arbitrariness. The gaugegroup G321, SU(3) � SU(2) � U(1), is not simple. The gauge
theory associated with this group thus has three independent coupling constants, and the
Standard Model provides no understanding of their relative magnitudes.
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Even more arbitrary than the gaugegroup itself, however, is the representation
of that group used by the Standard Model, i.e., the matter content of the theory. The
Standard Model provides no understanding of why fermions are replicated in three gen-
erations, and even within a single generation the gauge group's representation is very
complicated: It is formed from many di�eren t irreducible representations. The hyper-
charge assignments, i.e., the U(1) quantum numbers, are postulates of the theory, rather
than predictions: U(1) is abelian, so there is no obvious reasonwhy the U(1) quantum
numbers should be, as they are (seeTable 1.1), small integersor ratios of small integers.
Although the requirement of anomaly cancellation [12] imposesa sum rule on the U(1)
quantum numbers, there is still a great deal of freedom in their assignments. Finally,
although it has been known for decadesthat weak charged currents couple only to left-
handed fermions, the Standard Model provides no explanation for this asymmetry. It is
simply postulated, in Table 1.1, that left-handed fermions are membersof SU(2) doublets
and right-handed fermions members of SU(2) singlets.

The massmatrices in Eq. (1.22), or in more physical terms, the fermion masses
and the Kobayashi-Maskawa mixing matrix, are alsosimply freeparametersof the theory:
The Standard Model provides no explanation for any of the mass ratios or the mixing
angles.Given that the ratio betweenthe massof the lightest massive fermion, the electron,
and that of the heaviest fermion, the t quark [13], is more than 3� 105, someexplanation
of these ratios is called for. Similarly, while the presenceof a complex phase in the
Kobayashi-Maskawa matrix can explain the existenceof CP violation, it doesnot explain
why CP is so nearly conserved in weak interactions; still less does it explain why CP
violation in strong interactions is, if present at all, measured[14] to be suppressedat least
nine orders of magnitude relative to the value that would na•�vely be expected [15] due to
nonperturbativ e topological e�ects.

To someextent, many of theseobjections are essentially aesthetic: Our precon-
ceptions, which suggestthat a fundamental theory must be simple, may be in error. The
problems in the scalar sector are considerably more serious. The Standard Model relies
on elementary scalars,the complex doublet �, to break SU(2)� U(1) symmetry. Theories
with self-interacting elementary scalar �elds, however, su�er from two inherent problems,
known as \naturalness" and \trivialit y."

The problem of naturalnessdealswith the scalar's massrenormalization, which
is quadratic in the high-energy cuto�. If an elementary scalar is much lighter than the
cuto�, its massis thus the di�erence of two very large numbers. This situation is not only
unnatural, requiring an extraordinarily precise cancellation, but is also unstable under
higher-order corrections.

Just as naturalness is related to the mass renormalization of scalar �elds, so
trivialit y is related to coupling constant renormalization. The simple one-loop � function
for the scalar self-interaction given in Eq. (1.8) is

�
d�
d�

=
3

4� 2 � 2: (1.26)
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This has the solution
� (� ) =

1

� � 1(� 0) � 3
4� 2 ln

�
�
� 0

� ; (1.27)

which divergesat a �nite energy scale. If this one-loop result is to be believed, then the
only way for a scalar �eld theory to bevalid for all energyscalesis if the coupling constant
vanishesexactly. In fact, more sophisticated analysescon�rm the conclusionssuggested
by the one-loop calculation. There is now very strong evidence[16], although not yet a
rigorous proof, to support the idea that the only self-consistent scalar �eld theory in four
dimensionsis the free theory.

This doesnot, of course,mean that theories involving scalar �elds are inadmis-
sible; it merely meansthat these theories cannot be valid at all energy scales,but must
instead be regarded as e�ectiv e �eld theories that describe interactions at energiesless
than somescale�, where � is lessthan the scaleat which the scalar coupling constant
would diverge. Or, put lessabstractly, it meansthat scalarscannot be elementary par-
ticles but must have some substructure, and that the substructure will be revealed at
distancesof O(1=�).

The larger the scalar self-interaction � is at low energies,the lower must be the
energyscale� at which new physicsappears. SinceEq. (1.17) relates � to the massof the
Higgs boson, this is equivalent to saying that a heavy Higgs bosonrequires new physics
at low energy scales. This argument can be made quantitativ e [17]: If the Higgs boson
has a massof 175GeV or less,then the Standard Model may be valid for all energiesless
than the Plank mass,while a massof 300 GeV or more implies that the upper limit of
validit y must be lessthan about 103 TeV.

While none of these arguments, including trivialit y, is conclusive, they suggest
that the Standard Model is probably incomplete, and may, at somehigh energyscale�,
be embeddedin a more complete theory.

1.3 Extensions of the Standard Mo del

1.3.1 Expansion of the gauge group

Many di�eren t extensionsof the Standard Model have been proposedin order
to addressone or more of the issuesdiscussedin Section 1.2. Becauseof the general
phenomenonin physics that problems are often alleviated by symmetries, many of these
extensionsinvolve introducing additional symmetries beyond the SU(3) � SU(2) � U(1)
gaugesymmetry of the Standard Model.

Such modelsinclude the Peccei-Quinnmodel [18], which explainsthe suppression
of CP violation in strong interactions by postulating an additional global U(1) symme-
try; horizontally symmetric models[19], which explain the patterns of fermion massesand
mixing anglesby introducing global or local symmetriesbetweengenerations;technicolor
models [20], which introducea new set of fermions, with new gaugeinteractions, in order
to break SU(2) � U(1) symmetry without the use of elementary scalars;and supersym-
metry [21, 22], which introduces a symmetry relating bosonsand fermions, and which
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eliminates many of the technical problemsassociated with the renormalization of theories
containing elementary scalars.

Gauge symmetries have a special status in �eld theory, so many extensionsof
the Standard Model involve expanding the gaugegroup from SU(3) � SU(2) � U(1), or
G321, to somelarger group G which contains G321 as a subgroup. Sincethis larger gauge
symmetry is not observed at low energies,spontaneous symmetry breaking must once
again be invoked. Enlarging the gaugegroup implies the existenceof new gaugebosons;
the symmetry must be broken in a manner that leaves only the 12 gaugebosonsof the
Standard Model observable at low energies.

The group G321 is a Lie group of rank 4, meaning that its Cartan subalgebra
is four-dimensional. In more physical terms, this meansthat the gaugetheory basedon
G321 has four neutral gaugebosons,i.e., gaugebosonswhoseinteractions with fermions
changenone of the fermions' quantum numbers. Thesegaugebosonsare the photon, the
Z , and two of the gluons.

It is a general result that if G1 and G2 are Lie groups, and G1 � G2, then the
rank of G2 cannot be less than that of G1. The group G, in which G321 is embedded,
must then have a rank greater than or equal to four. If G is of rank greater than four, the
gaugetheory basedon it will have additional neutral gaugebosons,which are generically
known as Z 0 bosons.

It should be emphasizedthat Z 0 bosonsare a genericfeature of any theory that
includesa gaugegroup of rank greater than four: They appear naturally in many di�eren t
extensionsof the Standard Model. Given that the Standard Model is almost certainly
incomplete, it is thus very plausible that Z 0 bosonsexist. This doesnot, of course,mean
that they are observable: The massof a Z 0 could well be at an experimentally inacces-
sible energy, such as the GUT scale. In many models, however, even models where the
fundamental symmetry-breaking scaleof G is very large, M Z 0 is essentially unconstrained
and could lie in an experimentally accessiblerange. A Z 0 necessarilyprovides information
about an expandedgaugesector;a low-massZ 0could well be the only direct experimental
probe of an expandedgaugesector.

1.3.2 The left-righ t symmetric model

As shown in Table1.1, the Standard Model assignsleft-handed fermionsto SU(2)
doublets, and right-handed fermions to SU(2) singlets. It thus provides no explanation
of parit y violation, but simply postulates it. The left-right symmetric model [23, 24]
postulatesa secondSU(2) symmetry that acts on right-handed particle states,so that the
fundamental Lagrangian of the theory conservesparit y. Parit y violation is then explained
by spontaneous symmetry breaking: If the symmetry breaking occurs in such a fashion
so that the gaugebosonsassociated with the right-handed SU(2) are much more massive
than thoseassociated with the left-handedSU(2), low-energyweakinteractions will violate
parit y.

The gaugegroup of the left-right symmetric model is SU(3)� SU(2)L � SU(2)R �
U(1), and the quantum number assignments, instead of the Standard Model assignments
of Table 1.1, take the somewhat more orderly form shown in Table 1.2. The symbols
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Table 1.2: Left-righ t symmetric model particle content, and SU(3), SU(2)L , SU(2)R and U(1)
quantum number assignments, for the �rst generation of fermions. Note the presenceof a right-
handed neutrino, which is absent in the Standard Model.

Particle SU(3) SU(2)L SU(2)R U(1)
QL 3 2 1 1=3
L L 1 2 1 � 1
QR 3 1 2 1=3
L R 1 1 2 � 1

QL and L L have the samemeaningsas in Table 1.1, while QR refers to a right-handed
quark doublet, uR and dR , and L R refers to a right-handed lepton doublet, eR and � R .
The right-handed neutrino, � R , hasnot beenobserved, and is not present in the Standard
Model. Unlike the \h ypercharge" of the Standard Model, the U(1) quantum number
given in Table 1.2 hasa simple physical interpretation: It is B � L , whereB is a particle's
baryon number and L is its lepton number. The gaugecoupling constant of SU(2)R is
taken to be the sameas that of the familiar SU(2)L .

The group SU(3)� SU(2)L � SU(2)R � U(1) hasrank 5, sothe left-right symmetric
model has �v e neutral gaugebosons. Four of them, the photon, the Z , and two of the
gluons, are the sameas in the Standard Model, while the �fth is a Z 0. The photon, Z ,
and Z 0 do not, however, simply correspond to the diagonal generatorsof U(1), SU(2) L ,
and SU(2)R . Just as the photon and Z of the Standard Model are linear combinations of
the W3 and the B , so the physical neutral gaugebosonsof the left-right symmetric model
are linear combinations of the neutral gaugegroup generators,the details of this mixing
being determined by the symmetry breaking.

As in the Standard Model, symmetry breaking in the left-right symmetric model
is accomplishedby meansof interacting scalar �elds with a nonzerovacuum expectation
value. The scalarsectorof the left-right symmetric model, however, is much more compli-
cated than that of the Standard Model. The simplest version of the left-right symmetric
model contains three di�eren t complex scalar multiplets, one of which transforms as a
triplet under SU(2)L , one as a triplet under SU(2)R , and one as a doublet under both
SU(2)L and SU(2)R ; this is a total of 20 scalar degreesof freedom. The scalar �elds of
the left-right symmetric model, and their quantum numbers, are speci�ed in Table 1.3.

The reasonfor including so many scalarsis that the two scalar triplets, the � L

and � R , are required to break the left-right invariance, while the doublet �eld, � , plays
roughly the same role as does the Higgs doublet � in the Standard Model: It breaks
SU(2) � U(1) down to U(1). This general hierarchical scheme, where one mechanism
is responsible for the symmetry breaking G ! SU(3) � SU(2) � U(1) and another for
SU(3) � SU(2) � U(1) ! SU(3) � U(1), is repeated in many di�eren t extensionsof the
Standard Model.

The most general renormalizable potential involving these scalar �elds is quite
complicated: It depends on 18 independent parameters [25], three of which are masses
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Table 1.3: Scalar �elds, and their quantum numbers, in the left-righ t symmetric model.

Particle SU(3) SU(2)L SU(2)R U(1)
� L 1 3 1 2
� R 1 1 3 2
� 1 2 2 0

and the other 15 are coupling constants. The minima of this potential have not been
investigated in full detail, but it has beenshown [26] that there exists a range of value of
theseparameterssuch that the minimum takes the form

h� R;L i =

0

B
@

0
0

vR;L

1

C
A (1.28)

h� i =

 
� 0
0 � 0

!

; (1.29)

with vL � � � vR . In this model, � 2 + � 02 sets the scaleof M 2
W and M 3

Z , as doesv2 in
the Standard Model.

The massmatrix for the W3;L , W3;R , and B is [24]

[W3L W3R B ]

0

B
@

1
2g2(� 2 + � 02 + 4v2

L ) � 1
2g2(� 2 + � 02) � 2gg0v2

L
� 1

2g2(� 2 + � 02) 1
2g2(� 2 + � 02 + 4v2

R ) � 2gg0v2
R

� 2gg0v2
L � 2gg0v2

R g02(v2
L + v2

R)

1

C
A

2

6
4

W3L

W3R

B

3

7
5 :

(1.30)
Although it is possibleto diagonalizeEq. (1.30) exactly, the results are too complicated
to be of much use. In the limit where vR is very large, however, and Z -Z 0 mixing is
negligible,

M 2
Z � 1

2
g2

cos2 � w
(� 2 + � 02) (1.31)

M 2
Z 0 � 2(g2 + g02)v2

R ; (1.32)

and the photon, as electromagneticgaugesymmetry demands,remains exactly massless.
Without knowledgeof the parametersin the scalar potential, it is impossibleto

make a more quantitativ e prediction of M Z 0=M Z or of the mixing angle between the Z
and the Z 0.

Assuming that mixing between the Z and Z 0 is negligible, the Z 0 coupling to
fermions is given by

L int = gZ 0Qf
�f =Z 0f ; (1.33)

where
gZ 0 =

g
p

1 � 2sin2 � w
(1.34)
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Table 1.4: Charges Q for the coupling of one generation of fermions to a Z 0 of the left-righ t
symmetric model. The normalization of Qf is de�ned by Eq. (1.33).

Left-handed states Right-handed states
Particle Q Particle Q

eL
1
2 sin2 � w eR sin2 � w � 1

2 cos2 � w

� L
1
2 sin2 � w � R

1
2 cos2 � w

dL � 1
6 sin2 � w dR

1
3 sin2 � w � 1

2 cos2 � w

uL � 1
6 sin2 � w uR � 2

3 sin2 � w + 1
2 cos2 � w

and
Qf = sin2 � w(T3L � Q) + cos2 � wT3R : (1.35)

In Eq. (1.35), T3L and T3R refer, respectively, to the fermion's left-handed and right-
handed isospin assignments, and Q refers to its electromagneticcharge. Thesecouplings
are given explicitly in Table 1.4.

1.3.3 Grand Uni�ed Theories

Much of the complexity of the Standard Model stemsfrom the fact that its gauge
group, G321, is not simple. Grand uni�ed theories(GUTs) are models in which G321 � G,
where G is a simple group. The symmetry group G breaksspontaneously to G321.

In GUTs, all gaugeinteractions are characterized by a single coupling constant.
This appearsto be contradicted by experiment, sincethe coupling strengths of the strong,
weak, and electromagnetic interactions are very di�eren t, but, in fact, the relative mag-
nitudes of the three Standard Model gaugecoupling constants are a strong arguments for
the plausibilit y of grand uni�cation.

A simple one-loop calculation [27] yields the � functions of the three Standard
Model gaugecoupling constants:

�
dgi

d�
= �

bi

16� 2 g3
i ; (1.36)

where, for N generationsof fermions,

bSU(3) = �
4
3

N + 11 (1.37)

bSU(2) = �
4
3

N +
22
3

�
1
6

(1.38)

bU(1) = �
4
3

N �
1
10

: (1.39)

More careful calculations [28], which include two-loop diagrams and the e�ects of heavy-
particle thresholds, do not modify these equations signi�cantly [29]: These higher-order
e�ects are small corrections.
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Table 1.5: Assignment of a singlegenerationof left-handed fermionsto irreducible representations
of SU(5). All 15 fermionic states can be assignedto two irreducible representations. The symbol
f c

L refers to the left-handed component of the charge conjugate of the fermion f .

Multiplet Particle content
5� [� e dc]L
10 [u d uc ec]L

Integrating these equations yields the values of the coupling constants at an
energyscale� in terms of their valuesat a scale� 0:

� � 1
i (� ) =

bi

2�
ln

�
�
� 0

�
+ � � 1

i (� 0): (1.40)

When the known low-energyvaluesof the three Standard Model gaugecoupling constants
are inserted into Eq. (1.40), it turns out that although the coupling constants have very
di�eren t values at low energies,their values at high energies(� � 1015 GeV) become
roughly equal. This is suggestive of the behavior predicted by a GUT, where, at some
scaleM GU T , they would be exactly equal.

The smallest simple group that can contain G321 as a subgroup, and that has
representations in which the Standard Model fermion representations can be embedded,
is SU(5) [30]. The �fteen states of a single generation of fermions can be embedded in
two irreducible representations of SU(5), a 5� and a 10: The decomposition of these
irreducible representations of SU(5) into representations of SU(3) � SU(2) is

5� = (3� ; 1) � (1; 2) (1.41)

10 = (3� ; 1) � (3; 2) � (1; 1): (1.42)

The assignments of left-handed particles to SU(5) multiplets are shown in Table 1.5. Note
that left-handed charge conjugate states, rather than right-handed states,are included in
this table. This is becauseall particles in a gaugemultiplet must transform the sameway
under Lorentz transformations, or, more succinctly, becausegaugetransformations and
Lorentz transformations commute.

As is the case in the left-right symmetric model, the gauge symmetry must
be broken in two stages. At energy scaleslarge compared to the GUT scale, the gauge
symmetry is SU(5); at energyscalessmall comparedto the GUT scale,but largecompared
to the electroweak scale, the gaugesymmetry is SU(3) � SU(2) � U(1); and at energies
small compared to the electroweak scale, the gaugesymmetry is SU(3) � U(1). Again,
much as in the left-right symmetric model, this hierarchical symmetry breaking may be
accomplishedwith a scalarsectorconsistingof two di�eren t speciesof scalars. In the case
of SU(5), the minimal phenomenologicallyacceptablescalar sector consistsof a 24 and a
5 of SU(5), where the 24 breaks SU(5), and the 5 breaks electroweak symmetry. The 5
contains the familiar Standard Model Higgs doublet �.

The group SU(5) is 24-dimensional, so SU(5) has 12 more gaugebosonsthan
does the Standard Model. Its rank, however, is 4, so it has no additional neutral gauge
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bosons. There are no other rank 4 groups that can contain SU(3) � SU(2) � U(1) as a
subgroup: Every other extensionof the Standard Model gaugegroup, and, in particular,
every other GUT, has at least one Z 0.

This fact is signi�cant, becausethe minimal SU(5) model has beenconclusively
ruled out. There are two convincing arguments against minimal SU(5). First, SU(5) pre-
dicts an excessively fast decay rate for the proton. The 12 new gauge�elds introducedby
SU(5) are fractionally charged; their interactions with matter connect quarks to leptons,
and these interactions lead to proton decay [31], suppressedby M � 4

GU T . Although there
is someuncertainty about the calculation of the proton lifetime, due both to the uncer-
tainty in M GU T and to the di�cult y of calculating low-energyhadronic matrix elements,
the experimental 90% con�dence limit [8] for the decay p ! e+ � 0 is � p=B > 9 � 1032 yr,
which is two orders of magnitude larger than the upper limit allowed by minimal SU(5).

Independently, minimal SU(5) is ruled out becausein this model the three Stan-
dard Model coupling constants do not actually unify. The valuesof the Standard Model
coupling constants at M Z are now known preciselyenoughto make it clear that, although
they approach a similar magnitude at very high energieswhen they are evolved upwards
using Eq. (1.36), they never actually becomeequal. The electroweak coupling constants
� 1(M Z ) and � 2(M Z ) are obtained by the LEP measurements of � E M (M Z ) and sin2 � W ,
yielding [32]

� 1(M Z ) = 0:016887� 0:000040 (1.43)

� 2(M Z ) = 0:03322� 0:00025; (1.44)

and the strong coupling constant � 3 can be extracted from a variety of experiments; the
Particle Data Group [8] reports a world average of � 3(M Z ) = 0:1134� 0:0035. Using
thesevalues,asshown in Fig. 1.1, coupling constant uni�cation is ruled out by more than
seven standard deviations [32].

This doesnot mean that grand uni�cation must be abandonedaltogether, but,
rather, that grand uni�cation is tenable only if the assumptionsimplicit in the application
of Eq. (1.36) are abandoned. Using Eq. (1.36) to run the coupling constants from M Z

to M GU T is only valid if there are no thresholds between those scales,i.e., if there is no
new physicsuntil M GU T . Grand uni�cation is still possibleif somenew physicsexists at
intermediate energyscales.

In minimal SU(5), no such intermediate scalesexist: SU(5) breaks directly to
SU(3) � SU(2) � U(1). Suitable GUTs that do possessintermediate scalesinclude su-
persymmetric SU(5), and GUTs basedon gaugegroups larger than SU(5). Larger gauge
groups are worthy of consideration in any case: SU(5) still usestwo di�eren t irreducible
representations to accommodate each generation of fermions, while a larger group can
accommodate them in a single irreducible representation.

Other than SU(5), the smallestcandidate for a GUT gaugegroup is SO(10) [33].
All fermionsof a singlegenerationcanbeaccommodated in a single16-dimensionalSO(10)
multiplet. The decomposition of the 16 of SO(10) into SU(5) multiplets is

[16]SO(10) = 5� + 10 + 1; (1.45)
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One-loop calculation of running coupling constants
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Figure 1.1: One-loop calculation of the running of the SU(3), SU(2), and U(1) gaugecoupling
constants. The three lines represent the central valuesof the coupling constants, and the shaded
regionsrepresent the one-� errors. Note that the three coupling constants never actually become
equal.
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Table 1.6: Value of the charge Q for the coupling of an SO(10) Z 0, or Z � , to one generation of
left-handed fermions. Note that the coupling is the samefor all members of an SU(5) multiplet.

SU(5) multiplet Particle QL

10 e+ , d, u, uc Q10
L = � 1

2
p

6
5� dc, e� , � e Q5�

L = 3
2
p

6

and, as discussedabove, all known fermions of a single generation can be embedded in
the 5� and the 10 of SU(5). The SU(5) singlet describesan additional fermion state, an
electrically neutral fermion that transforms neither under SU(3)c nor under SU(2)L . This
state may be thought of as a right-handed neutrino.

The group SO(10) has rank 5, so the SO(10) GUT doespredict the existenceof
a Z 0. Also, since SO(10) has a larger rank than that of G321, there are several ways in
which it can be broken down to G321. One symmetry-breaking schemeis that suggested
by Eq. (1.45):

SO(10) ! SU(5) � U(1) (1.46)

! SU(3) � SU(2) � U(1) � U(1)

! SU(3) � U(1) � U(1):

The SO(10) gauge interactions, like those of the left-right symmetric model, conserve
parit y; in fact, it is possibleto embed the left-right symmetric model in SO(10), via the
breaking scheme

SO(10) ! SU(4) � SU(2) � SU(2) (1.47)

! SU(3) � SU(2) � SU(2) � U(1)

! SU(3) � U(1) � U(1):

The Z 0 in the symmetry-breaking schemeof Eq. (1.47) arisesfrom the breaking of
left-right symmetry, soits couplingsare thosedescribed in Section1.3.2. In the symmetry-
breaking schemeof Eq. (1.46), however, the Z 0, conventionally called Z � , has a di�eren t
set of couplings. The generator of the Z � commutes with the SU(5) generators,so the
fermionic couplings of the Z � are the samefor all fermions in an SU(5) multiplet. The
coupling of the Z � to fermions is g0Q, where g0 is the sameas the U(1) gaugecoupling
constant in the Standard Model, and where Q is given in Table 1.6.

As is the case with the left-right symmetric model, each successive stage of
symmetry-breaking in Eq. (1.46) or Eq. (1.47) involves a separate Higgs multiplet. In
the caseof the symmetry-breaking scheme of Eq. (1.46), the predicted mass of the Z �

dependscrucially on the structure of the Higgs sector: M Z � may be of up to O(M GU T ).
For at least one choice of Higgs bosons,however [34], the Z � may have a massas low as
a few hundred GeV without any unnatural �ne-tuning of parameters.
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1.3.4 The E6 model

Superstring theory suggestsE6 as a candidate GUT gaugegroup. Regardlessof
the status of superstrings, E6 is a useful example of a model that predicts the existence
of at least one Z 0. If superstring theory is indeed a correct description of nature, this
would imply that the Lagrangian of the theory should be supersymmetric, although the
scaleof supersymmetry breaking could conceivably be as high as M GU T or even M Plank .
In any case,however, E6 can be treated purely as a GUT, without including any e�ects
of supersymmetry. For the purposesof understanding the gaugebosonsector of E 6, the
most important e�ect of supersymmetry would simply be a modi�cation of the � function
associated with the running of the gaugecoupling constants.

The group E6 has rank 6. There are many ways that it can break [35] down to
the low-energygaugegroup SU(3) � SU(2) � U(1); the most common assumption is that
it breaksaccording to the pattern

E6 ! SO(10) � U(1)  (1.48)

! SU(5) � U(1) � � U(1)  

! SU(3) � SU(2) � U(1)Y � U(1) � � U(1)  :

The factor U(1)Y is the familiar hyperchargegroup, while U(1)  and U(1) � are additional
symmetries. The U(1)  factor commutes with SO(10), so the couplings of the U(1)  
are the same for all left-handed states. The couplings of the Z � are, as discussedin
Section1.3.3, the samefor all particles in an SU(5) multiplet, but are di�eren t for the 5 �

and the 10 of SU(5).
In general,neither the Z � nor the Z  will be a physical particle. A light Z 0 will

be a linear combination of the generators of these two U(1) groups, which is typically
parameterized[36] by the mixing angle � :

Z 0 = Z 0
 cos� + Z 0

� sin�: (1.49)

In principle the Z 0 could mix with the Z , but this mixing is experimentally known to be
small [37], and is expected to be negligible for M Z 0 � M Z .

A generation of fermions in E6 forms a 27 representation, that is, it consistsof
27 left-handed states related by a gaugesymmetry, and another 27 right-handed states.
Only �fteen left-handed fermionic states in each generationare known; E 6, then, predicts
an additional twelve \exotic" fermions. In the breaking scheme of Eq. (1.48), the 27 of
E6 decomposesinto irreducible representation of SO(10),

[27]E6 = 16 + 10 + 1: (1.50)

The 16, in turn, asdiscussedin Section1.3.3,decomposesinto irreducible representations
of SU(5):

[16]SO(10) = 5� + 10 + 1; (1.51)

and thus includesall of the known fermions and a right-handed neutrino. The 10 and the
1 of SO(10) are composedentirely of exotic fermions.
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Table 1.7: Valuesof the charge Q for the coupling of one generation of left-handed fermions to
an E6 Z 0. Note that the coupling is the samefor all members of an SU(5) multiplet.

SU(5) multiplet Particle QL

10 e+ , d, u, uc Q10
L = 1

3

� q
5
8 cos� +

q
3
8 sin �

�

5� dc, e� , � e Q5�

L = 1
3

� q
5
8 cos� �

q
27
8 sin �

�

Using the normalization conventions of Ref. [36], the coupling of a Z 0 to matter
is

L int = gZ 0

�
Qf

L Z 0
�

�f L 
 � f L + Qf
RZ 0

�
�f R 
 � f R

�
; (1.52)

where gZ 0 is the ordinary U(1)Y coupling constant, i.e.,

gZ 0 = g0 =
e

cos� W
: (1.53)

Eq. (1.53) is exact only at the GUT scale: There are corrections when g0 and
gZ 0 are run down from the GUT scaleto experimentally accessibleenergies. These cor-
rections, however, are only logarithmic. In any case,calculating them requiresknowledge
of the physics between M Z 0 and M GUT , such as thresholds due to new fermions and to
supersymmetry. Even in the context of the E6 model, then, gZ 0 is best regarded as a
quantit y to be determined experimentally rather than as one for which there is a precise
theoretical prediction.

In this E6 model, the charge QL is a linear combination of the U(1)  and U(1) �
charges. The normalization has been �xed by Eq. (1.53), and the charges for known
fermions are given in Table 1.7. The right-handed charge QR is �xed by CPT invariance:

Qf
R = � Qf c

L : (1.54)

The width of the Z 0, if exotic fermions are too heavy to be produced and if the
massesof all conventional fermions may be neglected,is

� Z 0 =
M Z 0

2
g2

Z 0

4�

h
10(Q10

L )2 + 5(Q5�

L )2
i

: (1.55)

For a Z 0 of 1 TeV, this varies between4 GeV and 10 GeV.

1.4 Parameterization of Z 0 prop erties

The fact that Z 0s are a generic feature of many models makes it plausible that
they exist, but it also meansthat the mere observation of a Z 0 tells us very little about
the physicsthat givesrise to it. Only by detailed study of its properties can the nature of
the expandedgaugegroup that gives rise to it be determined. There is a large literature
discussingtests that can distinguish one model from another, but, sincethe true physics
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of an expandedgaugesector might not be that described by any of the currently popular
models, it is desirableto have a model-independent parameterization of Z 0 properties.

Many modelsthat predict the existenceof a Z 0boson,such asthe E6 model, also
predict the existenceof additional fermions that coupleto the Z 0. I assume,for the sake of
simplicit y, that all of these\exotic" fermions, if they exist, havea massgreater than 1

2M Z 0.
If any exotic fermions have a masslessthan 1

2M Z 0, this will have the e�ect of increasing
the Z 0's width and decreasingits branching ratio to ordinary fermions, thus decreasing
its production cross section. This would make precision Z 0 studies more di�cult, but,
of course, by allowing direct study of new fermions, it would provide a great deal of
additional information about the expandedgaugegroup. Assuming that this information
will not be available, and that only the Z 0 will be accessibleto study, is the conservative
assumption.

I further assumeuniversality, that is, that the Z 0couplesin the sameway to each
generation,and also the lack of 
a vor-changing neutral currents in the coupling of the Z 0

to ordinary fermions. Note that thesethree assumptionsare not completely independent:
Su�cien tly light exotic fermions are likely to induce 
a vor-changing neutral currents [38].

The most generalZ 0 consistent with this set of assumptionscan be described by
seven parameters. Two of theseare the Z 0's massand its mixing to the ordinary Z , M Z 0

and � M , and the other �v e are coupling constants, which I will denotegL , ge, gQ , gu , and
gd. Becauseof SU(2)L invariance, the coupling to left-handed electrons and neutrinos
must be the same,just asSU(3) invariance implies that the Z 0 must coupleequally to the
three quark colors. The coupling to left-handed electrons and neutrinos is denoted gL .
Similarly, gQ is the coupling to left-handed quarks, and gu , gd, and ge are the couplingsto
right-handed up quarks, down quarks, and electrons. The sign of the couplings is de�ned
by the interaction Lagrangian

L int = gf
�f =Z 0f : (1.56)

Del Aguila, Cveti�c, and Langacker [39] have proposeda di�eren t model-indep-
endent parameterization, introducing the four normalized couplings


 l
L �

g2
L

g2
L + g2

e
(1.57)


 q
L �

g2
Q

g2
L + g2

e
(1.58)

~U �
g2

u

g2
Q

(1.59)

~D �
g2

d

g2
Q

; (1.60)

and del Aguila and Cveti�c [40] have proposedyet another parameterization,

P l
V �

gL + ge

gL � ge
(1.61)

Pq
L �

gQ

gL � ge
(1.62)
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Pu
R �

gu

gQ
(1.63)

Pd
R �

gd

gQ
: (1.64)

Theseparticular combinations of coupling constants are measureddirectly in certain ex-
periments.

In fact, an important special caseis even simpler: In many models, the couplings
of the Z 0 are invariant not only under SU(3)c � SU(2)L , but under SU(5). This is always
true, in particular, for models in which at someenergy scalethe gaugegroup takes the
form G � H , where the Z 0 is one of the generatorsof H , SU(5) � G, and the Standard
Model gaugegroup is contained in that SU(5).

Most of the Z 0modelscommonlydiscussedin the literature, including the SO(10)
model discussedin Section 1.3.3 and the E6 model discussedin Section 1.3.4, are of this
form. The only notable exceptions,in fact, are the left-right symmetric model discussed
in Section 1.3.2, and the so-called sequential Z 0 model. The sequential model simply
postulates a Z 0 whosecouplings are identical to those of the Z ; this model is completely
unmotivated theoretically, and appearsin the literature only becauseof its computational
simplicit y.

The special caseof SU(5)-invariant couplingsrequiresoneadditional assumption
beyond those discussedabove: Z 0 couplings are invariant under SU(5) only if mixing
between the Z and the Z 0 is negligible. In fact, however, this assumption is already
known to be true: As discussedin more detail in Section 2.2.1, experiments at LEP
already constrain � M to be very small [37]. Except in the caseof precision studies, such
as rare decay modesof the Z 0, it is valid to neglect mixing.

All known elementary fermions in a single generation can be assignedto two
irreducible representations of SU(5): � L , eL , and dc

L are assignedto a 5� , and uL , dL , uc
L ,

and ec
L to a 10. Instead of �v e independent coupling constants, then, a theory of this

form only has two, g5� and g10. The couplings of such a Z 0 to fermions take the form

gL = g5� (1.65)

gQ = g10

ge = � g10

gu = � g10

gd = � g5� :

For most purposes,a di�eren t parameterization of the SU(5)-invariant couplings
is more convenient:

g5� = ~gsin � (1.66)

g10 = ~gcos� :

Di�eren t models correspond to di�eren t values of � . The Z 0
 and Z 0

� of E6 [36], for
example,correspond respectively to � = � =4 and � = � tan � 1(3).
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A measurement of Z 0 couplings, in this language, means a measurement of a
physically observable quantit y that depends on ~g and � . Note that a quantit y that
dependsonly on the magnitudes of the couplings, not the signs,must have periodicity �
or less.

This general class of SU(5)-invariant models is no less predictive than is the
E6 model: Both describe all ratios of coupling constants in terms of a single parameter.
Although the E6 model is seeminglymore predictive in that it speci�es the Z 0 coupling
constant gZ 0 in terms of the U(1) coupling constant g0, that, asdiscussedin Section1.3.4,
is an illusion: The precisevalue of gZ 0 can bepredicted only by making assumptionsabout
physicsat energyscalesbetweenM Z and M GUT .

The width � Z 0 is not an independent parameter of the theory. The partial width
for Z 0 decay into a fermion-antifermion pair is

� f =
M Z 0

24�

vu
u
t 1 � 4

m2
f

M 2
Z 0

"  

1 �
m2

f

M 2
Z 0

!
�
(gf

L )2 + (gf
R )2

�
+

m2
f

M 2
Z 0

6gf
L gf

R

#

; (1.67)

where gf
L and gf

R are the fermion's left-handed and right-handed couplings to the Z 0. In
the caseof quarks, this must be multiplied by a color factor of 3, for the three quark
colors, times a small enhancement factor due to �nal-state QCD interactions.

The only fermion whosemasscannot be neglectedis, of course, the top quark.
For M Z 0 = 500 GeV and mt = 175 GeV [13], the corrections due to nonzerom t depend
on the relative sign and magnitude of gt

L and gt
R , but are typically at least 10%.

Assuming that the Z 0 only decays into known fermions, and assumingM Z 0 >
2mt , the width of the Z 0 is

� Z 0 =
M Z 0

8�

"

2g2
L + g2

e + 3g2
d + g2

Q

�
5 + (1 � x)

p
1 � 4x

�
(1.68)

+ g2
u

�
2 + (1 � x)

p
1 � 4x

�
+ 6x

p
1 � 4x gQgu

#

;

where x � m2
t =M 2

Z 0. In the caseof a Z 0 with SU(5)-invariant couplings, this simpli�es to

� Z 0 =
M Z 0~g2

8�

h
5 + cos2 �

�
3 + 2(1 � x)

p
1 � 4x � 6x

p
1 � 4x

� i
: (1.69)

This expressionis graphed in Fig. 1.2, setting the Z 0 coupling constant ~g equal to the
Standard Model U(1) coupling g0. This normalization is solely for convenience: In most
realistic models, it is considerablysmaller. In most models, � Z 0=MZ 0 � 1%. As is seenin
this graph, the corrections from a �nite top masscan be substantial if M Z 0 is su�cien tly
small.
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Figure 1.2: Graph of Eq. (1.69), � Z 0=MZ 0 for a Z 0 with SU(5)-invariant couplings. The coupling
constant, ~g, is taken to be equal to the U(1) coupling constant g0 of the Standard Model. The
angle � determines the Z 0's relative coupling strength to the SU(5) 5� and 10 multiplets. The
solid line is for m2

t =M 2
Z 0 negligible, and the dashedline is for m2

t =M 2
Z 0 = 0:1.
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Chapter 2

Presen t-da y limits on the
existence of a Z 0

Limits on the existenceof a Z 0 may be divided into two categories:Limits from
direct search, and limits from indirect arguments. Direct search limits arise from the
failure to observe a Z 0 resonancein high-energy collisions, whereasindirect search limits
arise from a diversecollection of e�ects where the existenceof a Z 0 would a�ect physical
observableseven if the Z 0 were too massive to be produced on-shell.

Both direct and indirect searcheslead to model-dependent constraints. Although
the direct and indirect limits on M Z 0 are similar, the rangesof parameter spaceexcluded
by the two methods are di�eren t, and the two methods are complementary.

2.1 Direct search limits

At present, the most stringent direct search limits for new gauge bosonsare
those obtained by the CDF Collaboration [41] at the Fermilab Tevatron.

CDF's search limit is basedon the non-observation of the reaction p�p ! Z 0 !
l+ l � , where l+ l � is either an electron or a muon pair. The actual quantit y whosevalue
is bounded, then, isn't M Z 0 but rather � (p�p ! Z 0)B (l+ l � ). In any particular model,
� (p�p) and B (l+ l � ) can both be obtained as functions of M Z 0, and, by comparison with
this prediction, the experimental upper bound on Z 0 production can be turned into a
model-dependent lower bound on M Z 0.

For both the e+ e� and the � + � � modes, CDF required a candidate event to
consist of an opposite sign dilepton pair, both members of which have high transverse
momentum (p? > 25 GeV for electrons,p? > 20 GeV for muons). One member of each
pair wasrequired to be central (j� j < 0:6 for muons, j� j < 1:1 for electrons) the other only
to lie within the central tracking chamber (j� j < 1:4). For both channels, the dilepton
invariant masswas required to be greater than 40 GeV. The total sample,after all cuts,
consistsof 148 � + � � events, none of which has M �� > 155 GeV, and 1244e+ e� events,
none of which has M ee > 320 GeV.

The limit on � (Z 0)B (l+ l � ) is obtained by �tting the observed invariant mass
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distribution to a distribution that includesboth Drell-Yan production and Z 0decay, taking
into account trigger e�ciencies and geometricacceptances.This limit is mass-dependent,
mainly becausethe kinematics of Z 0 production and decay dependson M Z 0: Higher mass
Z 0s tend to be producedmore centrally , and their decay products tend to have higher p? ,
so it is more likely that such events would passCDF's cuts. The upper bound on � B
(95% con�dence limit) rangesfrom 0.8 pb for a 250 GeV Z 0 to 0.2 pb for a 600 GeV Z 0.

CDF obtains a model-dependent lower bound on M Z 0 simply by �nding the
lowest value of M Z 0 for which the predicted value of � B is less than the experimental
upper limit. For the model where the Z 0's couplings are equal to those of the Standard
Model Z , this limit is M Z 0 > 495 GeV (95% con�dence limit). This model, however,
is poorly motivated theoretically. For more plausible models, such as those basedon a
broken E6 symmetry, the limits are on the order of 350 GeV.

Similar upper limits for � B have been reported by D0 [42], UA1 [43], and
UA2 [44]. CDF's limit is the most stringent.

CDF hasalsostudied the dijet channel [45], and found no statistically signi�cant
excessover QCD expectations for M j j up to 930GeV. CDF doesnot report an upper limit
on � (p�p ! Z 0 ! q�q) basedon this measurement, or a lower limit on M Z 0, but it is possible
to obtain such limits [46]. These limits are similar to, but somewhatweaker than, those
obtained in the dilepton channel. The di�erence is partly becausedijet massresolution is
worsethan dilepton massresolution, and partly becauseof uncertainties in the calculation
of QCD background. This limit is neverthelessvaluable becausethe dilepton search limits
apply only to models where the Z 0 couples to both quarks and leptons, while the dijet
search applies also to models where the Z 0 couplesonly to quarks.

2.2 Indirect search limits

2.2.1 Measuremen ts at M Z

In the caseof the left-right symmetric model, Section 1.3.2 shows that the Z
and the Z 0 mix|that is, that the neutral gaugebosonassociated with the new generator
of the gaugegroup, and the neutral gaugebosonassociated with SU(2) � U(1), are not
masseigenstatesof the theory. In fact, this phenomenonis general. There is no symmetry
forbidding mixing, so a generalanalysis of Z 0 models must include it.

If Z0 is the massive gauge boson of SU(2) � U(1) and Z 0
0 is the new massive

gaugeboson,their massmatrix is, in general,

[Z0 Z 0
0]

 
M 2

Z0
M 2

Z 0Z
M 2

Z 0Z M 2
Z 0

0

! "
Z0

Z 0
0

#

: (2.1)

The physical Z and Z 0, however, are (by de�nition) masseigenstates,with the diagonal
massmatrix

[Z0 Z 0
0]

 
M 2

Z 0
0 M 2

Z 0

! "
Z0

Z 0
0

#

: (2.2)
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The states (Z; Z 0) and (Z0; Z 0
0) are related by

Z = cos� M Z0 + sin � M Z 0
0 (2.3)

Z 0 = � sin � M Z0 + cos� M Z 0
0; (2.4)

wherethe mixing angle, � M , is determined in terms of of M 2
Z0

=M 2
Z 0

0
and M 2

Z 0Z =M 2
Z0

. More

conveniently, it can be expressedin terms of M 2
Z =M 2

Z0
and M 2

Z 0=M 2
Z0

:

sin2 � M =
M 2

Z0
� M 2

Z

M 2
Z 0 � M 2

Z
; (2.5)

or

tan2 � M =
M 2

Z0
� M 2

Z

M 2
Z 0 � M 2

Z0

: (2.6)

Generally, for M 2
Z 0 � M 2

Z , � M � M 2
Z =MZ 0. This is only a general statement about the

magnitude of the mixing angle, however: A quantitativ e prediction dependson details of
the Higgs sector.

The physical Z boson, then, is a mixture of the Standard Model Z 0 and the
Z 0. This mixing has two e�ects. First, it changesthe massof the physical Z bosonfrom
the massM Z0 predicted by the Standard Model1, and second,it changesthe couplings
of the Z from the Standard Model values to those values plus an admixture of the Z 0's
couplings.

The mass shift is immediately obtained from Eq. (2.5). For � M � 1 and
M 2

Z 0=M 2
Z � 1,

M 2
Z0

� M 2
Z = � 2

M M 2
Z 0; (2.7)

or

M 2
Z0

= M 2
Z

 

1 + � 2
M

M 2
Z 0

M 2
Z

!

: (2.8)

The Standard Model relation between the W and Z massesis in terms of M Z0 , not
M Z . When expressedin terms of the physical Z mass,M Z , this relation thus acquiresa
correction of O(� 2

M M 2
Z 0=M 2

Z ). Since� M � M 2
Z =MZ 0, thesecorrections are of O(� M ).

In fact, it turns out that this massshift is not as sensitive a test as might be
hoped. First, the uncertainty in M W is large enough so that, even in the absenceof
any theoretical di�culties, � 2

M M 2
Z 0=M 2

Z would have to be on the order of 1% to have any
observable e�ect. Second,however, and more important, this shift has exactly the same
form asother correctionsto M W =M Z , and it is di�cult to disentangle the Z 0's contribution
from the rest. Speci�cally [47], it is simply an additional term in the � parameter, which
already, in the Standard Model, receives contributions from the t quark and the Higgs
boson. This e�ect is unobservable [48] unless� 2

M M 2
Z 0=M 2

Z > 0:05, a range that is already
excludedby (model dependent) limits.

1 In some renormalization schemes, the massof the physical Z is taken as a de�ning parameter of the
Standard Model|that is, other massesare predicted in terms of M Z , rather than the other way around.
In these schemes,what is changed is the massof the W predicted in terms of M Z .
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Although this upper bound on the Z -Z 0 mixing angle is not asstringent asthose
obtained by considering the e�ect of mixing on the Z 's couplings, it has the virtue of
being model-independent: Unlike every other lower bound on M Z 0, or upper bound on
� M , it requires no assumptionsat all about the Z 0's couplings.

The shift in Z couplings due to mixing with the Z 0 provides more stringent
constraints, but does require assumptions about the Z 0's couplings to fermions. If the
Standard Model Z0's coupling to somefermion f is gz0 , and the pure Z 0's coupling is gz0

0
,

then the physical Z and Z 0 couple with strengths

gz = cos� M gz0 � sin � M gz0
0

(2.9)

gz0 = sin � M gz0 + cos� M gz0
0
: (2.10)

As an extreme illustration of the model-dependenceof any limit basedon this mixing,
consider the \sequential" model, where the Z 0 has the samecouplings as the Standard
Model Z . Clearly, this model is completely unconstrained by such limits.

Lesspathological models, however, are subject to very strong constraints. Many
observablesmeasuredat LEP depend on Z couplings; the only challengeis �nding combi-
nations of observables that are independent of other corrections to the Standard Model.
Two particularly useful quantities [47] are

~
 e � 
 e �
2
3

� (2.11)

~
 � � 
 � �
2
3

� ; (2.12)

where 
 e and 
 � are the normalized e+ e� and � �� partial widths,


 e =
9

� (M Z )
� e+ e�

M Z
(2.13)


 � =
9

2� (M Z )
� � ��

M Z
; (2.14)

and

� =
M 2

W

M 2
Z cos2 � w

: (2.15)

These quantities have been measuredat LEP. Comparing them to the values expected
in various Z 0 models yields [49] a limit of j� M j < 0:01 for most models. This can be
combined with the limits on � 2

M M 2
Z 0=M 2

Z to obtain a model-dependent lower bound on
M Z 0, which, in most models, is 100 to 150 GeV [50].

2.2.2 Low-energy measuremen ts

Other indirect limits can be derived from low-energy experiments. At low en-
ergies,parit y-violating e�ects would be a�ected both by the shift in Z couplings due to
mixing with the Z 0, and by exchange of virtual Z 0s. Note that e�ects due to virtual Z 0

exchange cannot be observed on the Z resonance. Observation of these e�ects requires
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either energiesmuch lessthan or much greater than M Z ; at present, of course,only the
�rst is an option.

Analysesof atomic parit y violation [51] provide model-dependent boundson M Z 0

and � M . For most models, j� M j is constrained to be lessthan a few percent, and M Z 0 to
be greater than 200 or 300GeV. This is a region of parameter spacealready ruled out by
combining the direct search at the Tevatron with the mixing experiments at LEP.

Marciano and Sirlin [52] have found another indirect constraint, based on ra-
diativ e corrections to low-energy weak interactions|sp eci�cally , radiativ e corrections to
the four-fermion charged current contact interaction. In any model where the Z 0 couples
di�eren tly to quarks than it doesto leptons, box diagramsinvolving a Z 0have the e�ect of
changing the relative strength of lepton and quark four-fermion operators. This relative
strength is already parameterizedby the elements of the Kobayashi-Maskawa matrix, and
Marciano and Sirlin show that, if corrections from Z 0 exchangeare consideredto be cor-
rections to the Kobayashi-Maskawa matrix, they have the e�ect of e�ect of destroying its
unitarit y relationship. In the �rst row of the Kobayashi-Maskawa matrix, jVubj is known
to be small (seeEq. (1.24)); jVud j and jVus j comecloseenoughto saturating unitarit y so
that the unitarit y constraint can be used to limit the Z 0's massand couplings. The Z �

of SO(10), for example(seeSection 1.3.3), must have a massgreater than 260 GeV. This
too, however, is a massrange already ruled out by direct search at the Tevatron. Note
also that this calculation cannot constrain a Z 0, such as the Z  of E6 (seeSection 1.3.4),
that coupleswith equal strength to all quarks and leptons.

Thesemethods are interesting, and provide nontrivial constraints, but they are
dominated by theoretical error and there is little prospect for signi�cant improvement in
the near future. It is likely that the best constraints on M Z 0 and � M will continue to come
from collider experiments.

2.3 Future prosp ects

Precision measurements at e+ e� colliders, with
p

s > M Z , are expected to yield
new constraints on the Z 0 mass and coupling. These constraints would mainly be due
to the interference of the 
 , Z , and Z 0 propagators. At LEP, where measurements are
made at M Z , this interference is negligible, but it must be included at

p
s > M Z . This

is discussedin more detail, in the context of studying a Z 0 already known to exist, in
Section 4.4.

These measurements can establish a model-dependent lower bound on M Z 0 of
roughly two or three times the center of massenergyat which they are made. Limits from
LEP 200, then, will probably not raise the lower bound on M Z 0 by more than 100 or 200
GeV. A high-energye+ e� collider, with

p
s = 500 GeV, will be able to rule out a higher

range of Z 0 masses,but the lower bounds on M Z 0 establishedby indirect experiments at
such a collider are expected to be lower than those establishedby direct search at the
LHC. The e+ e� limits are complementary, however, in that they apply to models where
the Z 0 couplesonly to leptons.
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Chapter 3

Measuremen ts at hadron colliders

3.1 Z 0 pro duction and discovery

3.1.1 The parton model

At a hadron collider, Z 0 production proceedsthrough the processq�q ! Z 0.
Quark and antiquark beamsare impractical, however; a hadron collider usesproton or
antiproton beams. The crosssection for Z 0 production in pp or p�p collisions is calculated
using the parton model.

A high-energyhadronic collision can be thought of asa collision involving quarks
and gluons (generically referred to as partons), illustrated in Fig. 3.1. The partons are
constituents of the incoming hadrons, and it is assumedthat a collision involves one
parton from each hadron, rather than either hadron asa whole. The other constituents of
the hadrons do not take part in the hard scattering, but comprise the underlying event.
The fundamental assumption of the parton model is that even though the constituents
of hadrons are strongly bound, those partons that participate in the hard scattering may
be treated as free particles; formal justi�cation for this assumption relies on the operator
product expansion[54].

If the hadrons are labelled A and B , and their momenta are pa and pb, then the
momenta of the partons are de�ned to be xapa and xapb, wherexa and xb, the momentum
fractions, are dimensionlessnumbersbetween0 and 1. The probabilit y that a parton i in
hadron A has a momentum fraction xa is denoted f i=A (xa), where i can refer to a gluon
or to any 
a vor of quark or antiquark. The parton distribution functions are normalized
by the requirement that the momenta carried by the hadron's constituents add up to the
hadron's momentum, or

X

i

Z 1

0
dx xf i (x) = 1; (3.1)

wherethe sum is over all speciesof partons. Requiring that the sum of the electric charges
of the partons equalsthe hadron's charge yields another such sum rule.

A hadronic cross section, in the context of the parton model, is given as the
incoherent sum of the partonic contributions, where each contribution is weighted by the
parton distribution function f . Speci�cally , for a processthat proceedsonly through
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Figure 3.1: Parton model diagram of Z 0 production at a hadron collider. A Z 0 is produced by
q�q annihilation, where the quark and the antiquark are constituents of the initial-state hadrons.
The other constituents of the initial-state particles, the underlying event, are shown schematically.
Particles producedin the underlying event typically havesmall angleswith respect to the incoming
beams.

quark-antiquark annihilation, the total crosssection is

� (AB ! X ) =
X

q

Z
dxadxb

h
f q=A (xa)f �q=B (xb) + f q=B (xb)f �q=A (xa)

i
�̂ (q�q ! X ); (3.2)

where the sum is over all 
a vors of quarks, and where �̂ is the cross section for the
reaction q�q ! X , i.e., for the production of X by the annihilation of a free quark and
a free antiquark with center-of-mass energy

p
ŝ, where ŝ = 4xaxbpapb. The sum in the

square brackets represents the fact that there are two possibilities for the origin of the
partons: Either the quark can comefrom A and the antiquark from B , or the quark from
B and the antiquark from A,

All of the parton distribution functions f i (x) fall to 0 as x ! 1. For the u and
d valencequarks in a proton, xf q=p(x) peaksat about x = 0:2, while for gluons, all other
quarks, and all antiquarks, xf i=p(x) peaksat x = 0. In other words, it is very unlikely that
all of a proton's momentum, or even most, is carried by just one of its quarks or gluons.
Most energeticparton-parton events at a hadron collider, then, take placeat energies

p
ŝ

considerably lower than the center-of-massenergyof the two hadron beams.
Any calculation involving the parton model requires knowledge of the parton

distribution functions f i (x). The parton distribution functions are typically extracted
from �ts to experiments such as deep inelastic scattering; these experiments are usually
performed at relatively modest energies, so the parton distribution functions are not
directly measuredfor very small values of x. The distribution functions for small x are
obtained by extrapolation, sum rules, theoretical expectations about hadronic structure,
and other methods. Similarly, due to higher-order QCD corrections [55], the parton
distribution functions depend not only on x, but also on the energy,

p
ŝ, of the collision

itself. Qualitativ ely, as ŝ increases,the parton distribution functions becomeincreasingly
biased toward small values of x; this dependenceis logarithmic in ŝ For experiments at
a di�eren t (usually higher) ŝ than those usedin the �t, the parton distribution functions
must incorporate thesecorrections.
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Figure 3.2: Graph of x times the parton distribution functions for u and d quarks and antiquarks
in protons, using the GRV HO [61] set. The value of ŝ usedin this plot is 1 TeV, the scalerelevant
for Z 0 production at the LHC. The solid line is xf u=p (x), the dashedline is xf d=p (x), and the dotted
line is either xf �u=p (x) or xf �d=p(x). In the GRV parton distribution functions, the distributions
for �u and �d are equal. The curve peaksat x = 0 even for f u=p (x) and f u=p (x) becausethis graph
includes all u and d quarks, not just the valenceyquarks.

Many di�eren t sets of parton distribution functions are in common use today,
including EHLQ [56], Dukeand Owens[57], HMRS [58], Mor�n and Tung [59], DFLM [60],
and GRV [61]. Each of these sets represents a di�eren t �t to experimental data and a
di�eren t way of calculating the parton distribution function for valuesof x and ŝ outside
those that entered the �t. When performing a parton-level calculation, it is common to
estimate the theoretical uncertainty due to the parton distribution functions as the range
of predictions obtained when the choice of parton distribution functions is varied. As an
example, the GRV (set HO) quark distribution functions are plotted in Fig. 3.2.

3.1.2 Pro duction rates

If a Z 0 is discovered in the near future, discovery will almost certainly be at
the CERN Large Hadron Collider (LHC), a proposedpp collider with a center of mass
energyof 14 TeV 1 and a luminosity of 1:5 � 1034 cm� 2 s� 1, or 150 fb� 1=yr. Speci�cally ,
discovery will be through the e+ e� and � + � � channels. In general the l+ l � �nal state
receivescontributions from the 
 , Z , and Z 0, but interferencebetweenthe Z 0 and the two
lighter bosonsis negligible on the Z 0 resonance,so it su�ces to consideronly the Z 0. The
l+ l � events arising from 
 and Z can be treated as a background.

1The LHC was originally to have
p

s = 17 TeV, and most published studies of Z 0 production at the
LHC assume that value. The change from 17 TeV to 14 TeV signi�can tly worsens the possibilities for
observation and study of a Z 0 at the LHC.
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The crosssection for pp ! Z 0 ! l+ l � can be estimated, in the context of the
parton model, by approximating Z 0 production asa simple Breit-Wigner. The total cross
section �̂ for q�q ! Z 0 ! l+ l � depends only on ŝ � xaxbs, so the integration over the
momentum fractions is particularly simple. Making the additional approximation that
the proton contains only u and d quarks,

� =
12� 2

M 2
Z 0

1
M Z 0

B (Z 0 ! l+ l � ) �
1
9

"

�
dL u

d�
� u �u + �

dL d

d�
� d �d

#

; (3.3)

where
dL q

d�
=

Z
dxadxb� (� � xaxb)

h
f q=p(xa)f �q=p(xb) + f q=p(xb)f �q=p(xa)

i
; (3.4)

� u �u and � d �d are the partial widths for Z 0 ! u�u and Z 0 ! d �d, and and � = M 2
Z 0=s. The

factor of 1=9 comesfrom the requirement that the quark and antiquark must have the
samecolor in order to annihilate.

This expressioncan be rewritten as

� =
4� 2

3
1

M 2
Z 0

B (e+ e� )
�

� u �u

M Z 0
+ R

� d �d

M Z 0

�
�

dL u

d�
; (3.5)

where
R � (dL d=d� )=(dL u=d� ): (3.6)

This expressionis actually quite simple. In the ratio R, much of the theoretical uncertainty
of the parton distributions cancelsout, asdoesmuch of the energydependence.In fact, R
is typically a number of order 1

2 , the value onewould na•�vely expect from the observation
that a proton in the static quark model has twice as many up quarks as down quarks.
Eq. (3.5), then, consistsof three factors: A model-independent overall factor that falls as
1=M 2

Z 0, a model-dependent combination of Z 0 coupling constants, and a mass-dependent
factor that requires knowledgeof the parton distribution functions.

With the branching ratio and widths of Section1.4 (taking m2
t � M 2

Z 0), Eq. (3.5)
becomes

� =
�
18

1
M 2

Z 0

�
g2

L + g2
e
� �

g2
u + g2

Q + R(g2
d + g2

Q)
�

2g2
L + g2

e + 6g2
Q + 3g2

u + 3g2
d

�
dL u

d�
; (3.7)

or, in the caseof SU(5)-invariant couplings,

� =
�
90

~g2

M 2
Z 0

R + 2cos2 �
1 + cos2 �

�
dL u

d�
: (3.8)

The quantities � dL u=d� and R can be obtained, for various choicesof parton distribution
functions, using the computer program pdflib [62]. Thesenumbersare given in Table 3.1
for a range of Z 0 massesand a representativ e sampleof parton distribution functions.

Table 3.1 and Eq. (3.8) together determine the crosssectionfor Z 0 production as
a function of M Z 0, ~g, and � . This crosssection is plotted in Fig. 3.3 for several valuesof
M Z 0, assumingthat ~g, the Z 0 coupling constant, is equal to 0.15, a value typical of many
models. The cross section for production of a 1 TeV Z 0 in

p
s = 14 TeV pp collisions
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Table 3.1: Di�eren tial luminosity dL u =d� and luminosity ratio R, de�ned in Eqs. (3.4) and (3.6),
where � = M 2

Z 0=s and s = (14 TeV)2. The parton distribution functions are EHLQ 1 [56],
DFLM [60], and GRV HO [61]. The Z 0 production crosssectionis on the order of (� =M 2

Z 0)dL u =d� .

EHLQ 1 DFLM GRV
M Z 0 � dL u=d� R � dL u=d� R � dL u=d� R

1 TeV 5:25� 10� 1 0.448 5:16 � 10� 1 0.490 5:75 � 10� 1 0.477
2 TeV 1:05� 10� 1 0.366 9:87 � 10� 2 0.409 1:22 � 10� 1 0.375
3 TeV 2:36� 10� 2 0.314 2:31 � 10� 2 0.365 2:86 � 10� 2 0.307
4 TeV 5:24� 10� 3 0.273 5:68 � 10� 3 0.310 6:29 � 10� 3 0.258
5 TeV 1:06� 10� 3 0.239 1:36 � 10� 3 0.268 1:23 � 10� 3 0.220
6 TeV 1:94� 10� 4 0.210 3:02 � 10� 4 0.230 2:06 � 10� 4 0.190

is about 100{200 fb, which at the LHC will result in a production rate on the order of
25000Z 0 events per year. Even though only a few percent of theseevents will have e+ e�

or � + � � �nal states, this is a large enough production rate so there is no doubt that a
1 TeV Z 0 could be discovered at the LHC. A 2 TeV Z 0 is probably still observable, but
3 TeV is marginal at best, and a 4 TeV Z 0 is out of the question unlessits couplings are
much larger than those assumedfor this calculation.

The leptons resulting from Z 0decay arepreferentially producedwith a transverse
momentum of M Z 0=2, as shown in Fig. 3.4; this e�ect is simply due to the change of
variables from angular variables to the transversemomentum. As a result, it is possible
to imposevery stringent cuts on the leptonic transversemomentum without substantial
lossof data.

The signature for a Z 0 candidate event at the LHC is exactly the same as at
the Tevatron|an opposite-sign dilepton event where both leptons have high transverse
momentum. The only di�erence is the scale: At the Tevatron, the transversemomentum
cut is p? > 20 GeV, but at the LHC, for M Z 0 � 1 TeV, even a cut of 100 GeV rejects
very few genuine Z 0 ! l+ l � events. The Z 0 is a narrow resonance;the Z 0 peak in the l+ l �

invariant massspectrum will bequite striking if the Z 0 is light enoughto beproducedwith
su�cien t statistics and if the detector's electromagneticcalorimeter has su�cien t energy
resolution to resolve the peak. Studies taking detector e�ects into account [63, 64, 65]
suggeststhat it may be possibleto observe a Z 0 as massive as 5 TeV; thesestudies reach
such optimistic conclusionsbecausethey postulate much larger Z 0couplingsthan the ones
usedfor Fig. 3.3. For a 1 TeV Z 0, it may be possibleto measureM Z 0 with a precision of
100 MeV, and � Z 0 with a precision of 200 MeV.

The maximum observable value of M Z 0 dependson the Z 0's couplingsto u and d
quarks, but the most important limiting factor is the behavior of the parton distribution
functions, which fall rapidly at large x. Production of a 5 TeV Z 0 at the LHC requires
x1x2 � 0:1.

To lowest order, a Z 0 is produced with zero transversemomentum, but this is
simply an artifact of the O(� 0

s) calculation. The dominant production processfor a Z 0 is
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quark-antiquark annihilation, which producesZ 0s with no transversemomentum. Higher
order processesresult in a Z 0 with nonzero transversemomentum, accompaniedby one
or more jets. The most important one-jet processesare gq ! Z 0q and g�q ! Z 0�q; for
two or more jets, many di�eren t partonic processescontribute. A Z 0 with �nite trans-
versemomentum, however, is no more di�cult to observe than one with zero transverse
momentum.

3.2 Hadronic decays of the Z 0

It hasbeenproposed[66] that, despite the enormousQCD background, it might
be possibleto observe the decay Z 0 ! q�q at the LHC, and, even more optimistically , that
it might bepossibleto distinguish Z 0 ! b�b from t�t [67]. This would bequite valuable, since
measurement of the leptonic decay modesalonedoesnot permit individual determination
of the three quark coupling constants gQ , gu , and gd, but only of the combination that
appears in the Z 0 production rate.

Speci�cally , the proposal is to examine d� =dMj j , where M j j is the invariant
massof the two jets from Z 0 decay. If the Z 0 has already beendiscovered in the dilepton
channel, and its mass is known precisely, it might be possibleto seea small increasein
d� =dMj j at M j j = M Z 0.

Unfortunately, this would be an extraordinarily di�cult measurement. At any
hadron collider, the crosssection for production of events with two or more jets is quite
large: At the LHC, the crosssection for dijet production with an invariant massof 1 TeV
is larger than the peakZ 0crosssectionby a factor of at least 104. A set of aggressive cuts,
relying mainly on the fact that the QCD dijet production cross section falls steeply as
a function of the jet transversemomentum, while the transversemomentum of Z 0 decay
products is typically on the order of M Z 0=2, can reduce this background. Even with the
most optimistic possibleassumptionsabout Z 0 production rates and the e�ects of cuts,
however, direct calculation using the Monte Carlo program papageno [68] shows that the
signal to background ratio at M j j = M Z 0 is still at most 0.1.

An enhancement of 0.1 in the dijet crosssection is not necessarilyunobservable,
but it is important to remember that this is the peak value of the enhancement, and that
the Z 0 peak is quite narrow. Observation of Z 0 ! q�q at the LHC requires a detector
whosedijet massresolution is 2� Z 0 or better, an understanding of QCD background to a
level much better than 10%,and high enoughstatistics in the region M Z 0 � 2� Z 0 < M j j <
M Z 0 + 2� Z 0 to make a small excessstatistically signi�cant. None of theseassumptionsis
particularly plausible.

For the remainder of this chapter, I will assumethat a Z 0 can only be studied
at the LHC through its decays to leptonic �nal states.

3.3 Forw ard-bac kw ard asymmetry

The forward-backward asymmetry has long been recognizedas a useful means
for studying a Z 0 produced in p�p collisions [69]. It is also possible to de�ne a non-zero
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forward-backward asymmetry in a pp collider [36, 70], even though it is not immediately
obvious how to de�ne \forw ard" and \backward" in a collider where both beamsconsist
of the sametype of particle. The leptonic couplingsof the Z 0 can be probed by measuring
the forward-backward asymmetry, AF B , in the e+ e� and � + � � modes.

Ideally one would like to de�ne AF B as the crosssection for 0 < � < �
2 minus

the crosssection for �
2 < � < � , where � is the angle betweenthe l � and the q momenta

in the q�q center of massframe. Sincewe cannot know which proton contributed the q and
which the �q, this doesnot de�ne a measurablequantit y. However, sincethe quark distri-
bution function xf q=p(x) peaksat a higher value of the momentum fraction x than does
the antiquark distribution xf �q=p(x), the Z 0's will usually be produced with longitudinal
momentum in the samedirection as that of the quark. Making the approximation that
the longitudinal direction of the Z 0always tells us which beamcontributed the quark, this
allows a forward-backward asymmetry to be de�ned at a pp collider. This assumption is
usually correct for Z 0s with large longitudinal momentum, but is frequently incorrect for
Z 0s with small longitudinal momentum; the net result is that the measurableasymmetry
is washedout, with the Z 0s produced nearly at rest providing no information.

More formally, if � F and � B are the forward and backward cross sectionsde-
scribed above and y is the Z 0 rapidit y, then

AF B =

hR� (ln � )=2
0 �

R0
(ln � )=2

i h
d� F

dy � d� B

dy

i
dy

hR� (ln � )=2
0 +

R0
(ln � )=2

i h
d� F

dy + d� B

dy

i
dy

: (3.9)

This canberelated to the Z 0couplings,using the unintegrated parton luminosity functions
G�

q (y; � ) � q(xa) �q(xb) � q(xb) �q(xa), where xa =
p

� e+ y and xb =
p

� e� y . Then the
asymmetry is predicted to be [36]

AF B =
3
4

(gl
L )2 � (gl

R )2

(gl
L )2 + (gl

R )2

P
q

�
(gq

L )2 � (gq
R )2�

H �
q

P
q [(gq

L )2 + (gq
R )2] H +

q
; (3.10)

where the sum is over the quark 
a vors that contribute to Z 0 production, and where

H �
q �

2

4
Z � 1

2 ln �

0
�

Z 0

1
2 ln �

3

5 dy G�
q : (3.11)

Specializing to SU(5)-invariant couplings, and making the approximation that
only u and d quarks and antiquarks are found in the proton,

AF B = �
3
4

cos2 2�
H �

d

H +
d + 2cos2� H +

u
; (3.12)

where only H �
d appears in the numerator becausea Z 0 with SU(5)-invariant couplings

couplesequally to left- and right-handed u quarks. The quantities H �
u and H �

d can easily
be obtained by numerical integration of the parton distribution functions provided by
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pdflib [62]. For a 1 TeV Z 0 at the LHC, and using the GRV [61] parton distribution
functions, the results are

H �
d = 23:6 (3.13)

H +
d = 53:4

H �
u = 71:9

H +
u = 112:

Independent of the Z 0 model, AF B will be reduced from its parton-level value because,
for both u and d, H �

q =H+
q < 1. In models with SU(5)-invariant couplings there is an

additional suppression: Protons contain more u quarks than d quarks, but the u quark
couplings of such a Z 0 do not contribute to its forward-backward asymmetry.

The forward-backward asymmetry, as calculated using Eq. (3.12), is shown in
Fig. 3.5. The asymmetry attains its maximum absolute value at � = � =2, when the Z 0

doesn't couple to u quarks at all, but even this maximum value is rather small. Fur-
thermore, Fig. 3.5 is only valid under the unrealistic assumption that all leptons from
Z 0 decays, regardlessof their pseudorapidities,can be usedfor the measurement of A F B .
This is particularly important becausethe events that contribute the most to A F B are
those where the Z 0 has substantial longitudinal momentum, and those are precisely the
events where the Z 0's leptonic decay products are likely to have so much longitudinal
momentum that at least one of them falls outside the pseudorapidity coverageof the de-
tector. A more realistic assumption is that the only usableevents are those where both
the l+ and the l � satisfy the requirement j� j < � max , where the value of � max depends
on the details of the detector. The maximum absolute value of A F B will be reduced by
about 40% even assuming� max = 5.

The statistical error in a measurement of AF B is roughly 1=
p

N , where N is
the number of events used in the measurement. Assuming a sample of 25000Z 0 events
of which 10% decay into e+ e� or � + � � , the statistical error will be approximately 2%.
Since even the maximum possible value of AF B is rather small, however, the relative
error, � AF B =AF B , will be quite large. Note also that theoretical interpretation of a
measurement of AF B will be di�cult. The forward-backward asymmetry is determined
by a rather complicated combination of couplings to leptons, u quarks, and d quarks,
and it dependson quantities, H �

u and H �
d , that are obtained by integrating the parton

distribution functions. Only the ratios of H �
u and H �

d enter into the expressionfor AF B ,
somuch of the theoretical uncertainty in the parton distribution functions will cancelout,
but, as can be seenfrom the range of values for R in Table 3.1, someuncertainty exists
even in ratios.

3.4 Tau polarization asymmetry

3.4.1 De�nition of Apol

Despite the unobserved neutrinos from � decay, it is also possibleto study the
polarization asymmetry Apol, that is, the asymmetry in Z 0 ! � + � � betweenproduction
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of left-handed and right-handed � � leptons [71]. If � L is the production crosssection for
� �

L and � R the production crosssection for � �
R ,

Apol =
� L � � R

� L + � R
: (3.14)

The decay of the � proceedsthrough the weak interaction, which violates parit y. Left-
handed and right-handed � s thus have di�eren t decay properties, and it is possible to
distinguish them on a statistical basis. This method has beenusedto study Z couplings
at LEP [72]. There are additional complications at a hadron collider, but they are not
prohibitiv e.

In general,measurement of a polarization asymmetry for the production of some
fermion f requires that f decay within the detector, that the decays of f L and f R be
distinct, and that f 's decays be both measurableand theoretically well understood. For
the purposeof studying a Z 0 at a hadron collider, the only fermion f that meets these
requirements is the � .

Unlike AF B , which depends on both the quark and lepton couplings, A pol de-
pendsonly on the Z 0's couplings to the � . Assuming universality, and using the notation
of Section 1.4,

Apol =
g2

L � g2
e

g2
L + g2

e
: (3.15)

The � polarization asymmetry doesnot depend on the Z 0's couplings to u or d quarks, or
on the parton distribution functions, but only on g2

e=g2
L . For a Z 0 with SU(5)-invariant

couplings,
Apol(� ) = � cos2� : (3.16)

This is shown in Fig. 3.6. Note that it depends strongly on � ; even an imprecise mea-
surement of Apol provides a reasonablyprecisemeasurement of g2

e=g2
L .
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3.4.2 Decays of the � lepton

The matrix element for the decay � � ! � � X � is

M =
GFp

2
J �

(� ) J� ; (3.17)

where
J �

(� ) = �� (p � )
 � (1 � 
 5)� (p � ; s� ) (3.18)

and
J � = hX jJ �

ccj0i : (3.19)

When X = e�� e or � �� � , the �nal state matrix element J � is completely calculable. Even
for somesimple hadronic states, however, J � can be determined up to an overall normal-
ization. In fact, it turns out that thesewell-understood decays have a branching ratio [8]
of about 80%.

The quantit y that dependson the � 's polarization is the angular distribution of
the � 's decay products in the � 's rest frame. For a relativistic � , an equivalent quantit y,
more directly related to experimental measurements, is the distribution in x, the visible
momentum fraction. The visible momentum fraction is de�ned as x � pvis=p� , where pvis

and p� are respectively the momenta of the visible decay products and the decaying � ,
both measuredin the lab frame. The visible decay products are de�ned to be all decay
products except for neutrinos.

Tsai [73] discussed� decays in detail more than 20 years ago, before the � was
even discovered, and expressionsfor the decay of a polarized � in terms of the visible
momentum fraction x have beenobtained [74] for most simple decay modes.

The � � decays into e� �� e� � and � � �� � � � with the samebranching ratio|ab out
17%. The calculation is identical to that for � decay. There are no theoretical ambiguities,
and

J � = �l(p l )

� (1 � 
 5)� (p � ): (3.20)

From this, it is straightforward to derive the normalized decay distributions for left- and
right-handed � � s,

�
1
�

d�
dx

�

L
=

4
3

(1 � x3) (3.21)
�

1
�

d�
dx

�

R
= 2(1 � 3x2 + 2x3): (3.22)

These two decay distributions, unfortunately, have very little discriminating power; one
way to understand this is that the polarization information contained in the angular
distributions is diluted by the integral over the momenta of two neutrinos. Distinguishing
� L from � R for leptonic decays will require very high statistics.

The � � decays into � � � � about 11% of the time. The only possible Lorentz
structure for J � in this caseis

J � / k� ; (3.23)
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wherek is the momentum of the pion. Neglecting terms of O(m2
� =m2

� ), this givesthe very
simple relations

�
1
�

d�
dx

�

L
= 2(1 � x) (3.24)

�
1
�

d�
dx

�

R
= 2x: (3.25)

Somemulti-hadronic decays are also calculable. The data are consistent with
the assumption that the two- and three-� �nal states are dominated by single hadronic
resonances[75], the most common of which are the vector decay, �� � , and the axial
vector decay, a1(1260)� � . If the � or a1 is treated as a unit, and the pions are not
distinguished, the Lorentz structure of J � is again completely determined up to a constant
of proportionalit y:

J� / � �
� f (M 2); (3.26)

where � is the polarization vector, and M 2 the masssquared, of the resonance. In the
approximation where the form factor f is taken to be constant, the normalized decay
distributions are

�
1
�

d�
dx

�

L
=

2
2� 3 � 3� 2 + 1

h
(1 � 2� 2) � (1 � 2� )x

i
(3.27)

�
1
�

d�
dx

�

R
=

2
2� 3 � 3� 2 + 1

[(� + (1 � 2� )x)] ; (3.28)

where � = M 2=m2
� , and kinematics require � � x � 1.

Becauseboth the � and the a1 are wide resonances,it is inappropriate to treat
� as a �xed parameter; it is, instead, necessaryto convolve these distributions with the
appropriate line shapes. Making the assumption that the � and a1 are simple Breit-
Wigner resonanceswith the measuredmassesand widths, the smeareddistributions are
shown in Figs. 3.7 and 3.8. The two distributions for the a1 are so similar that this mode
is unlikely to be useful, except as a trigger. The two distributions are more distinct in
the caseof � decay, but, unfortunately, it is di�cult experimentally to distinguish the � 's
from the a1's decay products. At the LHC, noneof the � 's multihadronic decays are likely
to be useful for measuring� polarizations.

The � �
L and � �

R decay spectra are most distinct for the decay � � ! � � � . The
observed spectrum dN=dx for � ! � � , where x is the visible momentum fraction, is the
weighted sum of (dN=dx)L = 2(1� x) and (dN=dx)R = 2x; a one-parameter�t determines
the coe�cien t of this sum, hencethe polarization asymmetry. Note that the background
for � ! � � is likely to be lower than for the other decay modes: There are very few
plausible sourcesof high-energy isolated pions.

It is likely, then, that only the 20% of � + � � events where at least one � decays
to � � can be used for measurement of the polarization asymmetry. The other � decay
modesmay still be useful, however, in distinguishing � + � � events from background.
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? are the transversemomenta of the \visible" � decay products|that is, all of the decay

products other than the neutrinos. The visible momentum fraction, x, is de�ned by p� = x � p� .
The observable quantities are q �

? and k? , where k? is the transversemomentum of the Z 0. The
angle � is constrained to lie in the range 0 � � � � .

3.4.3 Reconstruction of � momen ta

The visible momentum fraction x is de�ned in terms of the � 's momentum and
the momentum of its visible decay products. Becauseat least oneof a � 's decay products
is always a neutrino, the momentum of a � is not a directly observable quantit y. A
Z 0 ! � + � � event, however, is su�cien tly constrained that is it possible to reconstruct
the momenta of both � s.

For all but a small fraction (O(m � =E� )) of events, a � and its decay products
are essentially collinear in a frame where its momentum is much greater than its mass.
In such a frame,

q� = x � p� ; (3.29)

wherep is the momentum of the � , q is the total momentum of all of the � 's decay products
except for the neutrino, and x is the \visible" momentum fraction, that is, the fraction
of the � 's momentum contained in decay products which are observable through tracking
and calorimetry.

If a � + � � pair is known to be the product of a Z 0 decay, it must satisfy two
constraints. Since the width of the Z 0 is expected to be small comparedto its mass,the
invariant mass of the � + � � system must equal M Z 0, assumedto be a known quantit y.
Similarly, measuring jets not part of the � decay and demanding transversemomentum
balanceyields the transversemomentum of the Z 0. Theseconstraints, using the notation
de�ned in Fig. 3.9, are

�
1

x+
q+ +

1
x �

q�
� 2

= M 2
Z 0 (3.30)

1
x+

q+
? +

1
x �

q�
? = k? ; (3.31)

wherek? is the transversemomentum of the Z 0. Theseequationsuniquely determine x+

and x � .
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For simplicit y, �rst considerthe specialcasewherek ? = 0. Eqs.(3.30) and (3.31)
immediately yield

x+ x � = (2q+ � q� )=M 2
Z 0; (3.32)

x+ =x� = q+
? =q�

? : (3.33)

In the casewhere k? 6= 0, the situation is more complicated. There are three
constraints but only two unknown parameters, and the problem is overdetermined. In
principle, it would be possibleto determine x+ and x � using any two of theseequations
(or somecombination) and to use the remaining information as a consistencycheck. In
the presenceof experimental error, however, the most practical way to determine x +

and x � consistently is simply to make them part of the �t that determinesexperimental
quantities. That is, q� , x � , and k? are to be chosensuch that � 2 is minimized, subject
to the constraints of Eqs. (3.30) and (3.31). It is cumbersometo expressthe results of
this procedurein closedform, but there are no conceptual di�culties in performing it.

If the minimum value of � 2 is unacceptably large for someevent, or if it min-
imized for unphysical values of x � , then the event can be rejected as inconsistent with
Z 0 ! � + � � . A simpler consistencycondition, which is useful for the study of background,
can be obtained by noticing that if k? = 0, the � s must be collinear; more generally, the
degreeof acollinearity yields a minimum value for k? . If � is the angle of acollinearity,

k? � 2

s
q+

? q�
?

x+ x �
sin

�
2

: (3.34)

3.4.4 Background

Background is not a seriousobstacle to discovery of the Z 0 at a hadron collider
through its decay into e+ e� and � + � � , or to the study of AF B in those modes: The
invariant massof the e+ e� system will stand out above any likely background. For the
study of � + � � pairs, however, this is no longer true. The � + and � � themselves are
unobservable, so an event must be identi�ed as a Z 0 ! � + � � event by somemeansother
than its invariant mass.

As discussedin Sec. 3.1, the Z 0 decay products have a very high transverse
momentum, peaking at p? = M Z 0=2. The transversemomenta of the � s' decay products
is lessthan this, but it is still possibleto imposevery stringent cuts on transversemomenta
without rejecting a very large fraction of genuine Z 0 ! � + � � events. The most serious
backgrounds, after such cuts, are t �t pairs, conventional Drell-Yan production of � + � �

pairs, and possibly jet misidenti�cation.
There is no reliable way to estimate the rate of jet misidenti�cation in advance

of experiment; this rate depends both on parton fragmentation functions at very high
energies,and on the tracking and calorimetry capabilities of LHC detectors. The QCD
crosssection for dijet production at a high-energyhadron collider, however, is enormous,
and if any appreciablefraction of jets can mimic single isolated pions, measuringA pol at
the LHC may be impossible.
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The crosssectionfor production of t �t at the LHC will beextremely large. Taking
mt = 175 GeV, direct calculation using papageno [68] and the EHLQ 1 parton distribu-
tion functions [56] shows it to be about 800 pb. Even after requiring that both t quarks
decay to � and imposinga p? cut of 100GeV on both � s, the crosssection is still 200 fb,
which is on the sameorder as the production crosssectionfor a 1 TeV Z 0. After requiring
that at least one � have p? > 200 GeV, the crosssection is 50 fb. Further cuts are still
necessaryif the Z 0 ! � + � � mode is to be useful.

It is likely, however, that thesefurther cuts can be found. Top events di�er from
Z 0 events in three crucial ways. First, all t �t events contain two b quarks, which, if b jets
can be identi�ed as such, may be used to discard these events. Second, the invariant
massof a t quark's decay products must be lessthan m t ; in particular, if a t decays into
b� �� � , then M 2

� b < m2
t � M 2

W , where M � b is the invariant massof the � and the b. For
mt = 175 GeV, this is 155 GeV. Third, the momenta of the � s' visible decay products
in a genuine Z 0 ! � + � � event must satisfy a consistencycondition, Eq. (3.34), which, in
general,will not be satis�ed by the � s produced by the decay of a t �t pair.

Tagging of b jets at hadron colliders through observation of a secondaryvertex
has already been demonstrated at the Tevatron; at the LHC, where the b quarks will
be more energeticand their decay lengths greater, b tagging should be easier. Rejecting
events with taggedb jets may [64] reducet �t background by up to a factor of 2. Similarly,
the consistencycondition of Eq. (3.34) will provide roughly another factor of 2 [71]. The
e�ectiv enessof the M � b cut dependson the detector's jet momentum resolution, and also
on the jet multiplicit y in Z 0 production at the LHC. If Z 0 events tend to have a high jet
multiplicit y then an overly aggressive M � b cut will reject genuine Z 0 events, becauseeven
a genuine Z 0 ! � + � � event will be likely to have a jet such that M � ; jet is fairly small.

Optimization of these cuts will have to wait until the properties of leptonic Z 0

decays have beenstudied in the e+ e� and � + � � channels, but it is plausible that these
cuts, or others, can reducethe t �t background su�cien tly.

Drell-Yan events, �nally , are events with a high-p? � + � � pair produced by a
virtual 
 or Z ; they are essentially the sameprocessas Z 0 ! � + � � . The only kinematic
distinction betweenZ 0 ! � + � � events and conventional Drell-Yan events is the invariant
massof the � pair, which is not an observable quantit y.

Conventional Drell-Yan events are peaked at low transversemomentum, and a
100 GeV p? cut reducestheir contribution to about 20% of the Z 0 cross section. The
remaining Drell-Yan events have essentially the samekinematics as Z 0 ! � + � � events.
They are an irreducible background, and must be dealt with by subtracting the Drell-Yan
crosssection as measuredin the e+ e� and � + � � channels.

3.4.5 Evaluation of discriminating power

If it actually is possibleto obtain a clean sampleof Z 0 ! � + � � events where at
least one � decays to � � , then measuringthe spectrum dN=dx corresponds to measuring
the average� polarization Apol. The measuredspectrum is a sum of the left-handed and
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right-handed � ! � � decay spectra, both of which are linear. Speci�cally ,

dN
dx

=
1 + Apol

2
(2(1 � x)) +

1 � Apol

2
(2x) (3.35)

= 1 + Apol � 2xA pol : (3.36)

Generally, if a distribution g(x) depends on a parameter c, the value of c can
be extracted from the measureddistribution by meansof a maximum likelihood analysis.
This analysiswill have an uncertainty [76]

� c =
1

p
N

" Z
dx

1
g

�
dg
dc

� 2
#� 1=2

: (3.37)

Applying this to the caseat hand,

� Apol =
1

p
N

p
2A3=2

pol

 

ln
1 + Apol

1 � Apol
� 2Apol

! � 1=2

: (3.38)

For most valuesof Apol, � Apol � 1:5=
p

N .
At the LHC, as discussedin Section 3.1.2, the rate for the production of a 1

TeV Z 0 is on the order of 25000per year. Assuming that the branching ratio to � + � � is
5%, that in 20% of � + � � events at least one � will decay to a pion, and that, becauseof
cuts, only half of these events will be usable, this leaves only about 120 events for this
measurement. The error in Apol, then, will be 15%.

This is signi�cantly worsethan the precision with which A F B can be measured,
but Apol is inherently a more sensitive test of Z 0 couplings. The forward-backward asym-
metry is restricted to the range (� 0:3; 0), while the polarization asymmetry can attain
any value between� 1 and 1. Both measurements will be neededin order to measurethe
Z 0 couplings to both quarks and leptons.

3.5 Rare Z 0 decay mo des

The Z -Z 0 mixing angle, � M , is already known to be small; the upper bounds,
obtained from measurements at LEP, are discussedin Section2.2.1. If a Z 0 is discovered,
� M may be determined by measuringthe branching ratio for rare Z 0 decays that can only
proceedif � M is nonzero.

One particularly useful rare decay mode is Z 0 ! W + W � [77]. This decay would
be forbidden if there were no Z -Z 0 mixing, since the W 's couplings are just those of
an SU(2) gaugeboson. For �nite Z -Z 0 mixing, however, the Z 0 has an admixture of Z
couplings, so this decay proceedsvia the trilinear Z W W term in Eq. (1.11), which, in
turn, is due to the trilinear SU(2) gaugebosonself-interaction found in a pure Yang-Mills
theory.

The decay Z 0 ! W + W � is suppressedby a factor of � 2
M , but it is enhanced

by a factor of M 4
Z 0=M 4

W due to interactions between the longitudinal components of the
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gaugebosons,and the branching ratios may, for � M su�cien tly large, be large enoughto
be observable.

The background for this mode is substantial: The production crosssection at
the LHC for W + W � pairs, calculated using papageno [68], is almost 50 pb. In most
Z 0 ! W + W � events, however, the W + and W � havevery high transversemomenta, while
the transversemomentum of W + W � pairs from direct electroweak production peaksat
small values. A 200GeV p? cut on the transversemomentum of both membersof the W
pair reducesthe background by a factor of about 70. The W + W � pairs from Z 0 decay
have other distinctiv e kinematic propertiesaswell, and several studies[78] have concluded
that they can probably be distinguished from the background due to electroweak W + W �

pair production, at least in the channel where both W s decay leptonically.
Unfortunately, thesestudies were all performed at a time when it was assumed

that the t quark was lighter than the W ; we now know that m t > M W . A t quark decays
to bW with essentially probabilit y 1, so t �t is another sourceof W + W � pairs. In fact,
since t �t pairs are produced by QCD, this is the dominant sourceof W + W � pairs: As
discussedin Section3.4.4, the production crosssection for t �t pairs is more than ten times
that for direct electroweak W + W � pair production. Although it is possibleto reducethis
background somewhatby b tagging, it is unlikely that it could be reducedsu�cien tly so
that the rare decay Z 0 ! W + W � could be observed.

The rare decay Z 0 ! l � � l W � may be observable at the LHC [79, 80] despite the
t�t background, but this decay is lessinteresting theoretically. It results from an ordinary
Z 0 ! l+ l � event where one of the leptons producesa W � by �nal-state bremsstrahlung
and turns into a � l . Becausethe W couplesonly to the left-handed component of the
charged lepton, this branching ratio is an indirect measurement of the l + l � polarizations,
and thus, like Apol , provides information about g2

e=g2
L . It doesnot, however, provide any

information about � M .
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Chapter 4

Study of a Z 0 at future lepton
colliders

4.1 Pro duction of Z 0 bosons in e+ e� collision

4.1.1 Corrections to the cross section

To �rst approximation, the line shape for the Z 0 production crosssection is a
simple Breit-Wigner:

� (e+ e� ! Z 0) =
12�

s
B (Z 0 ! e+ e� )

� 2=4

(
p

s � M Z 0)2 + � 2=4
: (4.1)

Several corrections, however, render this a poor approximation.
The most important correction is the essentially classicalphenomenonof initial-

state radiation of photons from the incident beams. Although this is a purely electromag-
netic e�ect, and is thus suppressedby a factor of � , it is nonethelesssigni�cant because
it is enhancedby a factor of ln(M 2

Z 0=m2
e), representing the presenceof two very di�eren t

energy scales. Using the formalism of Kuraev and Fadin [81], it is possible to sum all
orders of initial-state radiation by performing a single integral:

� (s) = t
Z p

s=2

0
dk

"
1
k

�
1 +

3t
4

� �
2k
p

s

� t

�
2

p
s

�
1 �

k
p

s

� #

� 0

h� p
s � k

� 2
i

; (4.2)

where

t =
2�
�

 

ln

 
M 2

Z 0

m2
e

!

� 1

!

; (4.3)

and where� 0 is the crosssection in the absenceof initial-state radiation. For a Z 0 of mass
500 GeV, t � 0:13.

The �rst term in the integral is the result of summing all orders of soft photon
emission,while the secondis due to single-photonhard bremsstrahlung, and turns out to
be negligible when � 0 is sharply peaked. When � 0 is a Breit-Wigner, in fact, it is possible
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Figure 4.1: Crosssectionfor e+ e� production of a Z 0 near resonance,setting B (Z 0 ! e+ e� ) = 1.
The solid line includes the e�ects of initial-state radiation, and the dashedline is an unmodi�ed
Breit-Wigner. The Z 0 is taken to have a massof 500 GeV, and a width of 5 GeV.

to do the integral analytically, yielding [82]

� (s) =
�

1 +
3t
4

� �
� Z 0
p

s

� t

�

 

2
p

s � M Z 0

�

!

� 0(M 2
Z 0); (4.4)

where

�( � ) �
� t

sin � t
(1 + � 2)(t � 1)=2 sin

�
(1 � t) cos� 1 � �

p
1 + � 2

�
: (4.5)

This e�ect is familiar from studies at the Z resonance,where it leadsto a 26% reduction
in the maximum value of the crosssection. In the caseof the Z 0, where t is larger and
where, in most models, � =M is smaller, this e�ect is even more signi�cant. The e�ect of
initial-state radiation is shown in Fig. 4.1.

What is actually observed, however, is not the cross section � , but rather an
e�ectiv e crosssection obtained by convolving � with a collider's energy distribution. At
future e+ e� colliders, this distinction is expected to be signi�cant: At high energiesand
luminosities, when an electron and a positron bunch collide, the electromagnetic �eld
from one bunch causesthe particles in the other bunch to radiate. This e�ect, known
as \b eamstrahlung" [83], causesa broadening of the e�ectiv e beam energy spectrum. In
extreme cases,beamstrahlung can lead to the sort of broad-band distribution function
more familiar in hadron colliders than in e+ e� colliders, but most modern designsfor
high-energy linear e+ e� colliders yield a relatively narrow spectrum, where almost all
particles have an energycloseto the nominal energyof the machine.

The beamstrahlung spectrum dependson two parameters, the e�ectiv e \b eam-
strahlung parameter" � e� , a dimensionlessmeasureof the beam'saveragemagnetic �eld,
and � z, the length of a bunch in the lab frame. If a beam's energy spectrum, in the
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absenceof beamstrahlung, is a sharp delta function at E 0, then the approximate e�ect of
beamstrahlung is to modify this to [84]

 E 0(E) =
1

Nc

 

(1 � e� N c )� (E 0 � E ) +
e� � (E =E 0)

E 0� E
�h

�
� (E=E0)

�
!

; (4.6)

where
� (x) �

2
3� e�

�
1
x

� 1
�

; (4.7)

�h(� ) �
1X

n=1


 (n + 1; Nc)
n!�( n=3)

� n=3; (4.8)

the classicalnumber of photons Nc radiated per particle in traversing an opposingbunch
is given by

Nc =
5
2

� 2 � z

re

me

E 0� e� ; (4.9)

and me and r e are the electron massand the classicalelectron radius. The actual energy
spectrum is time dependent: The energy spectrum of a bunch is modi�ed during its
traversal of the opposingbunch. The expressionin Eq. (4.6) is a time average,de�ned by

 (E) =
2
L

Z L=2

0
dt  (E ; t); (4.10)

where L is the length of each bunch. If the longitudinal beam pro�le is gaussian, the
e�ectiv e bunch length is L = 2

p
3� z.

Although Eq. (4.6) is strictly valid only for � e� � 1, it provides a reasonable
approximation to the grossfeaturesof the beamstrahlungspectrum even for � e� � 1 [85].
A fully realistic prediction would, in any case,require detailed machine-dependent calcu-
lations that take into account the measuredbeam shape and linac energyspread.

A beam'selectromagnetic�eld variesdependingon the transverseposition within
the beam;properly, it is necessaryto perform an integral over the transverse(x-y) plane.
The parameter � e� is an e�ectiv e �eld strength resulting from such an integral [84], and
has the value

� e� �
5
6

E0

me

r 2
eN

�� z(� x + � y)
; (4.11)

whereE0 is the nominal beamenergy, N is the number of particles per bunch, and � x and
� y are the widths of the beam in the transverseplane. Eq. 4.11 relies on the assumption
that the beam shape is gaussianin both x and y, but it is not necessaryto assumethat
� x = � y .

Even in the absenceof beamstrahlung,of course,the beam'senergyspectrum is
not a sharp delta function, but has a �nite spread. The details of this spreadvary from
machine to machine; na•�vely, however, it su�ces to model it as a gaussian,

� E0 (E) =
1

�
p

2�
e� (E � E0)2=2� 2

; (4.12)
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Figure 4.2: Energy spectrum of a beam at an e+ e� collider, averagedover its traversal of the
opposingbeam. The nominal energyof the beamis 250GeV, the beamstrahlungparameter � e� is
0:1, and the linac energyspreadis 0:6%. The solid line in the graph includes both beamstrahlung
and the linac energyspread,while the dashedline includes only the linac energyspread.

where E0 is the machine's nominal energy, and � 2 is its variance. This is to be convolved
with the beamstrahlung spectrum. That is, the observed beam energyspectrum is

~ E0 (E) =
Z 1

E
dE0� E0 (E 0) E 0(E): (4.13)

This integral can be performed explicitly , yielding

~ E0 (E) =
1
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�
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� 1
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;

where D � (x) is the parabolic cylinder function. This function is shown in Fig. 4.2. The
collider design parameters used for this calculation, and for the calculation shown in
Fig. 4.3, are discussedin Section 4.1.2.

Each beam losesenergy through beamstrahlung. For � e� � 1, a good approx-
imation [84] is that only the electron or the positron, but not both, losesa signi�cant
amount of energy. For � e� � 1 (the regime relevant at very high energy e+ e� collid-
ers) this approximation breaks down: Even for � � 0:1, neglecting the casewhere both
particles loseenergychangesthe spectrum by roughly 10%.
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Figure 4.3: E�ectiv ecrosssectionfor Z 0 production at an e+ e� collider, setting B (Z 0 ! e+ e� ) =
1. The Z 0's massand width are, respectively, 500GeV and 5 GeV. The machine's beamstrahlung
parameter � e� is taken to be 0:1, and its linac energyspreadto be 0:6%. The solid curve includes
the e�ects of initial-state radiation, linac energyspread,and beamstrahlung,asgivenby Eq. (4.15).
The dashedcurve includes only the e�ect of initial-state radiation.

The observed cross section, the result of convolving the physical cross section
with the beamstrahlung spectrum for each beam, is

� e� (s) =
Z Z

dE1dE2 ~ p
s=2(E1) ~ p

s=2(E2)� (4E1E2): (4.15)

This integral must be performed numerically.
The e�ectiv e crosssection near resonancefor e+ e� ! Z 0, including initial-state

radiation, linac energy spread, and beamstrahlung, is shown in Fig. 4.3, again setting
B (e+ e� ) = 1, and again assuming M Z 0 = 500 GeV and � Z 0 = 5 GeV. As might be
expected, the major e�ects of linac energy spread and beamstrahlung are to reduce the
maximum cross section and to increasethe width of the peak. The maximum is also
shifted by about 500 MeV, and the crosssection in the tail above the peak is increased.
This tail represents events in which a high-energy electron or positron losesjust enough
energyso that it falls on the resonance.

The main practical importance of theseresults for the purposeof studying a Z 0

is the reduction in the total number of Z 0 events that can be observed by running the
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collider on resonance.The combined e�ects of initial-state radiation, beamstrahlung,and
linac energyspreadare quite dramatic: After including all of thesee�ects the peak cross
sectionis only 17 nb, comparedto 59 nb for the maximum value of the pure Breit-Wigner.
This is a reduction by more than a factor of three.

4.1.2 Collider parameters

Production rates of a Z 0 can only be calculated in the context of a speci�c
accelerator design. It is likely that a high-energy e+ e� collider will be built, partly to
study gaugeinteractions at high energiesand partly to study t �t physics [86]; generically,
such a collider is referred to as the \Next Linear Collider," or NLC. Its actual design
parameters, however, are quite uncertain. There have beenmany di�eren t proposalsfor
a high-energye+ e� collider [87, 88, 89], and it is likely that by the time the NLC is built,
and more thought has been given to practical engineeringquestions, the design will be
di�eren t than any currently being discussed.

Note that one di�cult design issueis the minimization of beamstrahlung while
maintaining high luminosity: Many of the machine parametersthat a�ect the luminosity,
such as the number of particles per bunch and the beam shape in the transverseplane,
also a�ect the beamstrahlung parameter � e� . As has been seenabove, beamstrahlung
can dramatically reducethe usableluminosity, and a high-luminosity collider is of no use
if much of the beam energyspectrum lies in a region of no physical interest.

Note, further, that the luminosity-beamstrahlung tradeo� depends to a great
extent on the physics for which the machine is designed. For the study of resonant
phenomena,such as Z 0 physics,only that part of the energyspectrum in a rather narrow
rangeis useful, soreduction of beamstrahlung,even at the cost of reducedluminosity, can
boost the event rate. For the study of continuum phenomena,however, this is not true.

An NLC built after the discovery of a Z 0, and designed with Z 0 physics in
mind, would probably be a very di�eren t machine from the NLC designsdiscussedtoday.
These designsare based on the assumption that there are no resonant phenomenaatp

s = 500 GeV, and that cross sections will be very small; they are thus designedto
have extraordinarily large luminosities. As discussedin Section 4.1.3, however, the event
rate for Z 0 production at such a collider would be large enoughso as to make statistical
error negligible. The dominant errors would be systematic, and a broad-band spectrum
would contribute to that systematic error. For the purposeof studying the Z 0 resonance,
it would almost certainly be preferable to choose a design that sacri�ces some of this
luminosity in exchangefor a cleanerbeam energyspectrum.

Rather than design my own NLC, however, I will assumedesign parameters
typical of proposed NLC designs. These designsusually feature a high bunch rate, a
beamwith a very small spot size,and a beamshape that is 
at in the transverseplane|
that is, one where � x=� y is a large number. In somedesigns, in fact, � x=� y > 100. I
assumealready in Section 4.1.1, and elsewhere,the following collider parameters:

L = 1:4 � 1033 cm� 2s� 1 (4.16)
p

s = 500 GeV (4.17)
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� x = 612 nm (4.18)

� y = 3:4 nm (4.19)

� z = 110 � m (4.20)

N = 1:67 � 1010 (4.21)

� e� = 0:11 (4.22)

� = 0:6%; (4.23)

wherethe beamshape is assumedto begaussianin each dimension,with lab-frame widths
� x , � y , and � z and with N particles per bunch, and where � e� and � , as discussedin
Section 4.1.1, are the e�ectiv e beamstrahlung parameter and the spread in the linac
energy. None of thesevaluesis either the largest or the smallest that have beenproposed.

4.1.3 Event rates

The crosssectionsplotted in Figs. 4.1 and 4.3 take B (e+ e� ) = 1. The actual
branching ratio for this mode is

B (e+ e� ) =
1
3

g2
e + g2

L

2g2
L + g2

e + 3g2
d + g2

u (2 + y) + g2
Q (5 + y) + 6~ygQgu

; (4.24)

where x � m2
t

M 2
Z 0

, y = (1 � x)
p

1 � 4x, ~y = x
p

1 � 4x, and the couplings are those de�ned

in Section 1.4. Specializing to SU(5)-invariant couplings, this becomes

B (e+ e� ) =
1
3

�
1

5 + cos2 � (3 + 2y � 6~y)

�
; (4.25)

or, when m2
t =M 2

Z 0 can be neglected,

B (e+ e� ) =
1
15

�
1

1 + cos2 �

�

: (4.26)

As shown in Fig. 4.4, including the massof the top can have a sizeablee�ect.
Typically, B (e+ e� ) lies in the range 0:03{0:07. The observed production cross

section, then, using the maximum value from Fig. 4.3, is 0.5{1.2 nb. Despite the degra-
dation of the peak, this crosssection is still quite large. If the ambitious NLC luminosity
of Eq. (4.16) can be achieved, Z 0 production will be copious, with a rate comparable to
that of Z production at LEP. A year's running should, for any reasonableassumptions
about Z 0 couplings, provide a sampleof at least a million Z 0 events. This is a su�cien t
statistical sample for high-precisionsstudies.

4.2 Measuremen t of the Z 0 width and branc hing ratios

4.2.1 Measuremen t of M Z 0 and � Z 0

As seenin Fig. 4.3, the observed Z 0 line shape at the NLC will be signi�cantly
distorted. The crosssection'smaximum value is at a value about 1 GeV higher than M Z 0,
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and the width of the peak is greater than � Z 0. Extraction of M Z 0 and � Z 0, then, will be
more complicated than simply �tting a Breit-Wigner to the measuredline shape.

This is familiar from LEP measurements of M Z and � Z [90], where the Z line
shape is distorted by initial-state radiation. The same methods used at LEP can be
applied at the NLC|that is, running the accelerator at several energiesin the vicinit y
of M Z 0 and comparing the measuredline shape to the line shape predicted by a Monte
Carlo program that includes initial-state radiation, linac energy spread, beamstrahlung,
and detector resolution. As at LEP, the statistical error in this measurement is likely
to be negligible; the dominant systematic error will probably be the prediction of the
beamstrahlung spectrum.

An alternative method, not possibleat LEP, takes advantage of the relatively
broad energydistribution of the NLC. If the acceleratoris run at a single, �xed energy, the
spread in the actual collision energy is su�cien t to cover the entire Z 0 peak. A detector
with su�cien tly preciseenergy resolution can reconstruct the invariant massof leptonic
Z 0 events, and measurethe invariant mass spectrum. The necessaryprecision is high,
but not inconceivably so. In most realistic models, � Z 0=MZ 0 � 1%. Resolving a 5 GeV
peak in the e+ e� ! � + � � channel requires an electromagnetic calorimeter with energy
resolution of a few GeV or better.

Both methods rely on a detailed understanding of the beamstrahlungspectrum,
but they usethat information in somewhatdi�eren t ways. Consistencybetweenthesetwo
methods can be usedto verify that the Monte Carlo program is predicting beamstrahlung
correctly.



56

4.2.2 Heavy-quark 
a vor tagging

The Z 0's branching ratio into e+ e� or � + � � is given in Eqs. (4.24{4.26), and is
plotted, for the specialcaseof SU(5)-invariant couplings, in Fig. 4.4. It is alsopossible[67]
to measurethe branching ratios into up- and down-type quarks.

There is no reliable way of di�eren tiating jets from up, down, and strangequarks,
but, for t and b quarks, it is quite practical. At the NLC, b quarks will be very distinctiv e:
A b quark with energy250 GeV has a decay length of more than 2 cm. This large decay
length, and a beam with a very small spot size, should make it easy to seesecondary
vertices. Although c quarks and � leptons also exhibit secondaryvertices, they do not
present a serious background problem. Using the known multiplicit y of b decays, and
possiblyalso the presenceof a c in the decay products, it should be possibleto distinguish
b�b events from c�c and � + � � events with high reliabilit y.

Top quark events will be even more distinctiv e: A t quark decays to a b and a W
with a branching ratio of essentially one. The signature for a t �t event at the NLC, then,
is a b�b pair and the decay products of two W s. Thesedecay products could either be two
l �� l pairs, an l �� l pair and two jets, or four jets. None of those three signatures is likely to
be mimicked by any signi�cant background. It is possibleto reducethe background still
further by requiring that the kinematics of the ostensibleW decay products be consistent
with the hypothesisthat they result from W decay.

Using the samenotation as for B (e+ e� ), the branching ratios to b�b and t �t are

B (b�b) =
g2

d + g2
Q

2g2
L + g2

e + 3g2
d + g2

Q (5 + y) + g2
u (2 + y) + 6~ygQgu

(4.27)

B (t �t) =
y

�
g2

u + g2
Q

�
+ 6~ygQgu

2g2
L + g2

e + 3g2
d + g2

Q (5 + y) + g2
u (2 + y) + 6~ygQgu

; (4.28)

or, if m2
t � M 2

Z 0,

B (b�b) =
g2

d + g2
Q

2g2
L + g2

e + 3g2
d + 3g2

u + 6g2
Q

(4.29)

B (t �t) =
g2

u + g2
Q

2g2
L + g2

e + 3g2
d + 3g2

u + 6g2
Q

: (4.30)

Measurement of B (b�b), B (t �t), and B (e+ e� ) is a simple matter of counting, sothe
statistical error for each of thesemeasurements is roughly 1=

p
N , where N is the number

of events in each mode. At the NLC, a sampleof at least a million Z 0 events should be
obtainable, but, assumingonly 105 events, the statistical errors in the e+ e� and in the
heavy-quark modes should be on the order of 1.5% and 1% respectively. The dominant
sourcesof systematic error will probably be uncertainty in the detector's acceptanceand
in its heavy-quark identi�cation e�ciency .

These two measurements, when combined with the total width � Z 0 (shown in
Eq. (1.68) and, for SU(5)-invariant couplings, in Fig. 1.2), determine g2

d + g2
Q and g2

u +
g2

Q . These data are still insu�cien t to determine all three quark couplings, but that
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determination only requires one additional independent measurement. One of the quark
asymmetries, such as the b�b or t �t forward-backward asymmetry, would be an obvious
choice.

Similarly, the e+ e� partial width dependson g2
e + g2

L . A measurement of g2
e=g2

L ,
such as the e+ e� forward-backward asymmetry, or the � polarization asymmetry, then
allows the determination of g2

e and g2
L .

Note the importance of the assumption that b�b and t �t events can be identi�ed.
Heavy-quark 
a vor tagging allows the measurement of the magnitudesof all �v e Z 0 gauge
coupling constants; without it, however, only a combination of g2

u , g2
d, and g2

Q can be
measured.

4.3 Asymmetries

Generally, the quantit y determined by measuringan asymmetry is the di�erence
betweenthe right-handed and left-handed couplings to somefermion. Speci�cally , de�ne

A f =

�
gf

L

� 2
�

�
gf

R

� 2

�
gf

L

� 2
+

�
gf

R

� 2 : (4.31)

The fermion f may be a lepton, an up-type quark, or a down-type quark, so this de�nes
three quantities, Ae, AU , and AD . Measurement of AU and AD will require the abilit y to
tag heavy 
a vors, as discussedin Section 4.2.2.

4.3.1 Forw ard-bac kw ard asymmetries

On resonance,the forward-backward asymmetry for e+ e� ! Z 0 ! f �f is given
by

A f
F B =

3
4

AeA f : (4.32)

This equation assumesthat the �nal-state fermions are massless,and thus that the di�er-
ent helicity amplitudes do not interfere; if the �nal-state fermions are t quarks, A t must
be be generalizedto

A t =
p

1 � 4x �
g2

Q � g2
u

(1 � x)
h
g2

Q + g2
u

i
+ 6xgQgu

: (4.33)

where x = m2
t =M 2

Z 0. If M Z 0 is su�cien tly small, this correction can result in a sizeable
decreasein AF B . Note also that it dependson the relative signsof gQ and gu , rather than
just on their magnitudes. As is discussedbelow, however, this potential sensitivity to the
sign is not useful in SU(5)-invariant models.

O� resonance,interferenceterms becomeimportant, and the variation of A F B

with energycan, in principle, be usedto determine not only the magnitude, but also the
sign of the Z 0 couplings. For energieswithin a few tens of GeV of M Z 0, however, AF B
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Figure 4.5: Graph of forward-backward asymmetry in e+ e� ! Z 0 ! f �f . The couplings of the
Z 0 are assumedto be invariant under SU(5), and � , de�ned in Eq. (1.66), determinesthe relative
strength of couplings to fermions in the 5� and 10 representations of SU(5). The solid line is for
the casewhere the �nal-state fermions are charged leptons, the dashedline for down-type quarks,
and the dotted line for up-type quarks.

typically changesonly by a few percent. This is fortunate: If A F B varied quickly, then
any e�ect would be likely to be smearedout by beamstrahlung.

If the Z 0 hasSU(5)-invariant couplings, as discussedin Section1.4, then for any
�nal-state fermion f , A f

F B dependsonly on the parameter � de�ned in Eq. (1.66). This
dependenceis shown in Fig. 4.5. Explicitly ,

AE
F B =

3
4

cos2 2� ; (4.34)

AD
F B = �

3
4

cos2 2� ; (4.35)

AU
F B = 0: (4.36)

It is a general result in models with SU(5)-invariant couplings that A U and AU
F B are

necessarilyzero, becausethe left- and right-handed up-type quarks appear in the same
representation of SU(5),

When interferenceterms are included AU
F B is no longer exactly zero, but is still

small. The full expressionfor AF B is somewhat cumbersome,and depends not only on
the ratios of the Z 0 couplings to fermions, but also on their magnitude relative to the 

and Z couplings. Fig. 4.6 shows A t

F B asa function of energyfor a Z 0with SU(5)-invariant
couplings, assuming~g = gZ , M Z 0 = 500GeV, and mt = 145GeV. Although it is possible
in principle to measureAU

F B at someenergy other than
p

s = M Z 0, Fig. 4.6 shows that
AU

F B is unmeasurably small except at energiesso far o� resonancethat there will be too
few events for a precisemeasurement. It can thus be taken as a de�nite prediction of all
models with SU(5)-invariant Z 0 gaugecouplings that AU

F B = 0.
Even with very high statistics, the e�ects described in Section4.1.1would make

measurement of an energy-dependent asymmetry very challenging: Any sampleof events
would probe Z 0 couplings not at any one energy, but at a range of energies,and if taken
above M Z 0, would be heavily contaminated by on-resonanceevents. Making this mea-
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Figure 4.6: Graph of forward-backward asymmetry in e+ e� ! Z 0 ! t �t as a function of energy,
for M Z 0 = 500 GeV and � Z 0 = 10 GeV. The Z 0 couplings are assumedto be invariant under
SU(5), and ~g, de�ned in Eq. (1.66), is assumedto be equal to gZ , the coupling constant for weak
neutral currents. The �v e curvesrefer to �v e di�eren t valuesof the parameter � , also de�ned in
Eq. (1.66).

surement would require a preciseunderstanding of the beamstrahlung spectrum in order
to understand at exactly which energiesAU

F B is actually being measured.
At a hadron collider a Z 0 is usually producedwith a sizeablelongitudinal momen-

tum, so its decay products are often nearly collinear with the incoming beams. Addition-
ally, detector coverageof pseudorapidity is usually limited to fairly small values of � , so
a substantial fraction of events are unusable. At an e+ e� collider, however, Z 0s produced
on resonanceare produced at rest, thus yielding roughly isotropic decay distributions.
Essentially all events should be usablefor the purposeof measuringA F B .

Measuring the forward-backward asymmetry in somemode involves measuring
two quantities, NF and NB ; their statistical uncertainties � NF and � NB are

p
NF andp

NB , or, if N is the total number of events in this mode, roughly
p

N=2. The statistical
error of AF B is

� AF B =

s �
� NF

@AF B

@NF

� 2

+
�

� NB
@AF B

@NB

� 2

; (4.37)

or roughly 1=
p

N . With a sample of 5000 events in each mode, this is about a 1.5%
statistical error. Most systematic errors cancelout in the ratio, so the actual error in this
measurement will probably not be much larger than Eq. (4.37).

4.3.2 Polarization asymmetries

In addition to the left-right asymmetry, for certain �nal-state fermions it is
also possible to measurethe polarization asymmetry, i.e., the asymmetry between the
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production of right-handed and left-handed particles in the �nal state. Speci�cally , if � L

is de�ned to be the crosssection for production of left-handed particles and � R the cross
section for production of right-handed particles, the polarization asymmetry is de�ned to
be

Apol =
� L � � R

� L + � R
: (4.38)

Measurement of Apol requires that the �nal-state fermions be unstable, that
they have well-understood decays, and that the decays of left-handed and right-handed
particles be substantially di�eren t. The only particles that meet these requirements are
� leptons. In the future, t quarks [91] may also be suitable candidates,but not enoughis
known at present about the extent to which polarization is a�ected when the t quarks or,
more likely, their decay products, hadronize.

UnlikeAF B , which dependsboth on the Z 0couplingsto the initial-state electrons
and to the �nal-state fermions, Apol depends only on the couplings of the �nal-state
fermions: In the notation of Eq. (4.31),

A �
pol = A � : (4.39)

For the special caseof SU(5)-invariant couplings,

A �
pol = � cos2� : (4.40)

For the Z 0, A �
pol has beenmeasuredat LEP [72]; as discussedin Section 3.4, it is poten-

tially also valuable as a diagnostic tool for studying a Z 0 at hadron colliders.
The relevant quantities, at both lepton and hadron colliders, are dNL =dx and

dNR=dx, the normalized decay spectra for left- and right-handed � s. The measureddecay
spectrum, dN=dx, can be �tted to a linear combination of dNL =dx and dNR=dx, and this
�t directly determinesA �

pol: If

dN
dx

= cL
dNL

dx
+ cR

dNR

dx
; (4.41)

then
A �

pol =
cL � cR

cL + cR
: (4.42)

Although measurement of A �
pol at a hadron collider would be a very challenging

experiment, essentially none of the di�culties involved in this measurement apply to Z 0

studies at an e+ e� collider. The two main di�culties at a hadron collider are that it
is necessaryto �nd the decay products of a � + � � pair above all possiblebackgrounds
(chie
y QCD jets and t �t pairs), and that the kinematics of Z 0 ! � + � � events at hadron
colliders, in which the Z 0's longitudinal momentum is unknown, and in which the Z 0 is
often produced with substantial transverse momentum, make it di�cult to reconstruct
the momentum of the � + and � � .

Neither of thesepresents a problem at an e+ e� collider. Reconstruction of the
� s' momenta is trivial, sincethe Z 0 is producedat rest in the lab frame: Both the � + and
the � � always have a momentum of M Z 0=2, so determination of x+ and x � is a simple
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matter of measuring the momenta of the � decay products. Background, similarly, is
negligible.

The reason that background is a seriousproblem at a hadron collider is that,
while the invariant massof the � + � � pair is equal to M Z 0, the invariant massof the � s'
visible decay products is reducedby a factor of

p
x+ x � , and there aremany other processes

that can result in an event with an invariant massof
p

x+ x � M Z 0. At an e+ e� collider
with

p
s = M Z 0 there are no such processes:Essentially all events have an invariant mass

of M Z 0, so the only events that could conceivably mimic � + � � events are other events
where unstable particles are produced at the Z 0 resonanceand then decay. It is almost
impossible,however, that b�b, c�c, or t �t decays could bemistaken for � + � � decays: The vast
majorit y of � decays are one-prong,while heavy quark decays have a high multiplicit y.

One possiblesourceof low-invariant massevents is pair production of e+ e� or
� + � � , in conjunction with a high-energybremsstrahlung photon. This is not a resonant
process,however, sosuch events will be rare. Moreover, bremsstrahlungis strongly peaked
in the beam direction, so these events will always have a very small missing transverse
momentum and can be rejected by a simple cut.

The statistical error in Apol is roughly 1:5=
p

N , whereN is the number of � + � �

events usedin the measurement. Assuming a sampleof 5000� + � � events, of which 20%
decay into channels that are su�cien tly well understood to be usedin this measurement,
this error is about 5%. This is signi�cantly larger than the error in A F B , but Apol is
more sensitive than is AF B to variations in Ae, which is the actual quantit y of interest.
Assuminguniversality, AF B is proportional to A2

e, while Apol is equal to Ae. If Ae is small,
Apol will provide a better measurement than AF B despite the larger statistical error.

Finally, it is possible to combine ALR and Apol, i.e., to measurethe forward-
backward asymmetry separatelyfor left-handed and right-handed � s. This simply involves
�tting the � decay spectra separately for forward and backward events, and yields the
results

A � L
F B = � A � R

F B =
3
4

Ae: (4.43)

Except as a test of universality, this measurement is redundant: If e and � couplings are
equal, it provides the sameinformation as A �

pol, but with lessprecision.

4.3.3 Polarized beams

If oneof the initial beamsis partially longitudinally polarized (there is no advan-
tage to polarizing both, becausethe crosssection for production of a J = 1�� resonance
by a relativistic e+ e� pair vanisheswhen the electron and the positron have the same
helicity), it will be possibleto measureyet another polarization asymmetry, A LR . This is
de�ned as the crosssection for Z 0 production by a left-handed e� minus the crosssection
for production by a right-handed e� , divided by the sum of the crosssections. That is,

ALR �
� L � � R

� L + � R
: (4.44)

The value of this asymmetry is

ALR =
g2

L � g2
e

g2
L + g2

e
: (4.45)



62

Measurement of ALR is straightforward: Counting the number of events for each polar-
ization.

Note that, except asa test of universality, ALR and Apol are redundant: Both of
thesemethods provide direct measurements of g2

u=g2
Q . If, however, it is possibleto obtain

a su�cien tly high degreeof polarization, then A LR can be measuredmore precisely than
Apol.

4.4 Study of a Z 0 below resonance

Although the possibility is not ruled out by present search limits, it is perhaps
overly optimistic to hope that a new gaugebosonwill be found with a masssu�cien tly
low for it to be the subject of on-resonancestudiesat the NLC. This sectiondiscussesthe
possibility that a Z 0 will be discovered at the LHC with a masshigher than the NLC's
maximum value of

p
s. If the Z 0 has a masslessthan a few TeV its couplings can still be

measuredat the NLC, but only through virtual Z 0 exchange. Several detailed studies of
this case[40, 92] have beenperformed.

In fact, even if a Z 0 is su�cien tly light that it canbeproducedat an e+ e� collider,
studiesof it at energiesfar below its masswould still bevaluable: All of the measurements
discussedup to this point deal only with the magnitudesof the Z 0s couplings,but studies
below the resonanceare able to determine their signsas well [40, 92, 93].

At the NLC, with
p

s < M Z 0, the e�ect of Z -Z 0 mixing on Z couplings will be
no greater than the samee�ect at LEP. Since mixing is already known to be small and
NLC measurements will be lessprecisethan those at LEP becauseof the lower statistics
associated with running o�-resonance,mixing may safely be neglected. The Z 0 will a�ect
observablesat the NLC simply though interferencebetweenthe 
 , Z , and Z 0 propagators.

In general,an event at the NLC is of the form e+ e� ! f �f . The three Feynman
diagrams that contribute to this reaction are shown in Fig. 4.7, and the matrix element
takes the form

M = M 
 + M Z + M Z 0: (4.46)

Observable quantities depend on jMj 2. The largest contribution from the Z 0 comesfrom
the interferencebetweenthe 
 and Z 0 propagators, but noneof the terms in this product
may be neglected.

The quantities that can be measuredat the NLC are the production rates and
asymmetriesdiscussedin Sections.4.2 and 4.3, speci�cally � (e+ e� ! f �f ), A f

pol, and, if

one beam can be polarized, A f
LR . The identi�able �nal-state fermions are e, � , � , c, b,

and t. I assume,as before, that only the � can be usedin the measurement of A pol. It is
possible,however, that t polarization asymmetry might also be measurable.

O� resonance,the tree-level crosssection � (e+ e� ! f �f ) is

� (f �f ) =
1

48� s

�
F f

LL + F f
RR + F f

LR + F f
RL

�
; (4.47)
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Figure 4.7: Feynman diagrams for e+ e� ! f �f , for the casewhere M Z <
p

s < M Z 0. On
resonanceonly diagram (c) contributes, but o� resonanceall three are important, and interference
between the diagrams must be included. The interference terms depend on the signs, not just
the magnitudes, of the Z 0 couplings. If the �nal-state fermions are electrons, interference from
t-channel gaugebosonexchangemust also be included.

where the individual helicity terms are

F f
ij =

 

e2Qe;i
E M Qf ;j

E M + ge;i
Z gf ;j

Z
s

s � M 2
Z

+ ge;i
Z 0g

f ;j
Z 0

s
s � M 2

Z 0

! 2

: (4.48)

This expressionassumesthat the �nal-state fermions are not electrons, and that their
massescan be neglected. In the caseof quarks, it must be multiplied by a color factor of
3. Fig. 4.8 shows � (e+ e� ! � + � � ) at 500 GeV (below M Z 0) as a function of � for four
di�eren t valuesof M Z 0, for SU(5)-invariant Z 0couplingsand ~g = 0:2. The Z 0contribution
to � falls as 1=M 2

Z 0, so, while a 1 TeV Z 0 has a very substantial e�ect, a 2 TeV Z 0 results
in a crosssection that is scarcelydistinguishible from the Standard Model value.

The Standard Model prediction at
p

s = 500GeV is � (e+ e� ! � + � � ) � 450fb.
An e+ e� collider with the parametersdescribed in Section 4.1.2 has an integrated lumi-
nosity (for oneyear of running) of about 10 fb � 1. With 5000� + � � pairs � (� + � � ) can be
measuredwith a statistical error of about 1.4%,or about 6 fb. As can be seenin Fig. 4.8,
this means that the e�ect of a 1 TeV Z 0 on � (e+ e� ! � + � � ) will be quite clear, and
it will even be possibleto obtain nontrivial information about � . The e�ect of a 2 TeV
Z 0 will, however, be di�cult to tell from a statistical 
uctuation in the Standard Model
crosssection, and a 3 TeV Z 0 will be essentially invisible. As always, the e�ect is larger
if the Z 0 has larger couplings than those assumedhere.

Note that this crosssection is not individually sensitive either to the Z 0 gauge
coupling constant or to M Z 0, but only to the two in combination. This is a general
feature of experiments at

p
s < M Z 0: None of the measurements discussedin this section

can determine M Z 0. For M Z 0 �
p

s, the Z 0 coupling is essentially a contact interaction;
increasingM Z 0 has the samee�ect as decreasingits coupling strength.

Using the samenotation as in Eq. (4.47) and making the sameassumptions,the
forward-backward asymmetry for e+ e� ! f �f is

3
4

�
F f

LL + F f
RR � F f

LL � F f
RR

F f
LL + F f

RR + F f
LL + F f

RR

: (4.49)

Expressionsfor the other observablesare equally straightforward.
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Del Aguila and Cveti�c [40] have analyzed the precision to which Z 0 coupling
constants can be measuredat the NLC, assumingM Z 0 = 1 TeV. Assuming polarization
of the initial e� beam, they �nd that the parameters P l

V , Pq
L , Pu

R , and Pd
R , de�ned in

Eqs. (1.61{1.64) can be determined to 10{20%, the exact degreeof uncertainty depending
on the central valuesof the parameters.

This analysis does not include the e�ects of initial-state radiation or beam-
strahlung, but far o� resonance,where no quantities are varying rapidly with respect to
energy, these e�ects should be less important than at

p
s = M Z 0. Since the quantities

being measuredare small deviations from Standard Model predictions, however, it is im-
portant that all Standard Model e�ects at

p
s = 500GeV beunderstood in asmuch detail

as possible.

4.5 Conclusions

If a Z 0 is discoveredat the LHC, experiments there will be able to determine the
its mass,width, and the magnitude of all of its couplings except those to quarks. These
couplings must be measuredat an e+ e� collider.

Combining results obtained at the NLC with those obtained at the LHC, all
of the parameters described in Section 1.4 may be determined. An e+ e� collider atp

s = M Z 0, with low beamstrahlung and relatively low luminosity, would allow high-
precision measurement of all Z 0 parameters. Even if it proves impossibleto build such a
machine all of theseparameterscan still be obtained, to a reasonabledegreeof precision,
from the combination of LHC measurements and o�-resonancemeasurements at the NLC.
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